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4.0 INTRODUCTION

Discrete-time signals can arise in many ways, but they most commonly occur as repre
sentations of sampled continuous-time signals. It is remarkable that under reasonable
constraints, a continuous-time signal can be quite accurately represented by samples
taken at discrete points in time. In this chapter we discuss the process of periodic sam
pling in some detail, including the phenomenon of aliasing, which occurs when the
signal is not bandlimited or when the sampling rate is too low. Of particular impor
tance is the fact that continuous-time signal processing can be implemented through a
process of sampling, discrete-time processing, and the subsequent reconstruction of a
continuous-time signal.

4.1 PERIODIC SAMPLING

Although other possibilities exist (see Steiglitz, 1965; Oppenheim and Johnson, 1972),
the typical method of obtaining a discrete-time representation of a continuous-time
signal is through periodic sampling, wherein a sequence of samples, x[n],is obtained
from a continuous-time signal Xe(l) according to the relation
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In Eq. (4.1). T is the sampling period. and its reciprocal. fI
I

x[n] = xcCnT). -00 < n < 00. (4.1)

1/ T. is the sampling



frequency, in samples per second. We also express the sampling frequency as Qs = 2rr/ T
when we want to use frequencies in radians per second.

We refer to a system that implements the operation of Eq. (4.1) as an ideal

continuous-to-discrete-time (C/D) converter, and we depict it in block diagram form
as indicated in Figure 4.1. As an example of the relationship between xc(t) and x[n],
in Figure 2.2 we-illustrated a continuous-time speech waveform and the corresponding
sequence of samples.

In a practical setting, the operation of sampling is implemented by an analog-to
digital (AID) converter. Such systems can be viewed as approximations to the ideal
C/D converter. Important considerations in the implementation or choice of an AID
converter include quantization of the output samples, linearity of quantization steps,
the need for sample-and-hold circuits, and limitations on the sampling rate. The effects
of quantization are discussed in Sections 4.8.2 and 4.8.3. Other practicai issues of AID
conversion are electronic circuit concerns that are outside the scope of this text.

The sampling operation is generally not invertible; i.e., given the output x[n],

it is not possible in general to reconstruct xc(t), the input to the sampler, since many
continuous-time signals can produce the same output sequence of samples. The inherent
ambiguity in sampling is a fundamental issue in signal processing. Fortunately, it is
possible to remove the ambiguity by restricting the input signals that go into the sampler.

It is convenient to represent the sampling process mathematically in the two stages
depicted in Figure 4.2(a). The stages consist of an impulse train modulator followed
by conversion of the impulse train to a sequence. Figure 4.2(b) shows a continuous
time signal xc(t) and the results of impulse train sampling for two different sampling
rates. Figure 4.2(c) depicts the corresponding output sequences. The essential difference
between xs(t) and x[n] is that xs(t) is, in a sense, a continuous-time signal (specifically,
an impulse train) that is zero except at integer multiples of T. The sequence x[n], on
the other hand, is indexed on the integer variable n, which in effect introduces a time
normalization; i.e., the sequence of numbers x[ n] contains no explicit information about
the sampling rate. Furthermore, the samples of xc(t) are represented by finite numbers
in x[n] rather than as the areas of impulses, as with xs(t).

It is important to emphasize that Figure 4.2(a) is strictly a mathematical represen
tation that is convenient for gaining insight into sampling in both the time domain and
frequency domain. It is not a close representation of any physical circuits or systems
designed to implement the sampling operation. Whether a piece of hardware can be
construed to be im approximation to the block diagram of Figure 4.2(a) is a secondary
issue at this point. We have introduced this representation of the sampling operation
because it leads to a simple derivation of a key result and because the approach leads to
a number of important insights that are difficult to obtain from a more formal derivation
based on manipulation of Fourier transform formulas.
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Figure 4.1 Block diagram
representation of an ideal
continuous-to-discrete-time (C/D)
converter.

9 x[n]=x«n~]
T

Periodic SamplingSec. 4.1
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where oCt) is the unit impul~l' function. or Dirac delta function. We modulate set) with
xc(t). obtaining

To derive the frequency-domain relation between the input and output of an ideal C/D
converter, let us first consid~r the conversion of xc(t) to xs(t) through modulation of
the periodic impulse train

tI
t,

I

(4.2)

/./xs(t)

(a)

n=-oo

00

/./

set) = L 8(t - nT),

C/D converter
1------------------1

: .1'(1) :

1 C' 1I onverslOn from I
I impulse train I

(t) I to discrete-time I x[n] =xc(nT)
Xc I sequence I

I 1

I 1L _

-2T-T 0 T 2T t-2T-T0T2T

~

(b)

/

x[n]

/ I
II ",x!n] ._--f'"1

/1"'1' 1'1I
II ...

--
-4 -3 -2 -1 0 I 2 .' 4

n-4 -3 -2 -1 01234 n

(c)

<'/

Figure 4.2 Sampling with a periodic impulse train followed by conversion to
a discrete-time sequence. la) Overall system. (b) xs(t) for two ::;ampling rates.

(c) The output sequence for the two different sampling rates.

4.2 FREQUENCY-DOMAIN REPRESENTATION OF SAMPLING
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(4.3)

I ll=-CQ



If~~~~:d/~:~~~:~~'~
J.~ ••••••. , ." n

''t;..,;,,~:. u·~I
I
I

143

(4.4)

(4.6)

(4.9)

(4.10)

n=-oo

00

Xs(t) = L xc(nT)o(t - nT).

1 00

XsUQ) = T L XcU(Q - kQs»'
k=-oo

Frequency-Domain Representation of Sampling

Let us now consider the Fourier transformof xs(t). Since, from Eq. (4.3), xs(t) is
the product of xc(t) and set), the Fourier transform of xs(t) is the convolution of the
Fourier transforms XcUQ) and SUQ). The Fourier transform of a periodic impulse
train is a periodic impulse train (Oppenheim and Willsky, 1997). Specifically,

2 00

S(jQ) = ; L o(Q - kQs), (4.5)
k=-oo

where Qs = 2lt / T is the sampling frequency in radians/so Since
1

XsUQ) = -XcUQ) * SUQ),2lt

where * denotes the operation of continuous-variable convolution, it follows that

as depicted in Figure 4.4(e).

then

Through the "sifting property" of the impulse function, Xs (t) can be expressed as

Equation (4.6) provides the relationship between the Fourier transforms of the in
put and the output of the impulse train modulator in Figure 4.2(a). We see from Eq. (4.6)
that the Fourie~ transform of Xs (t) consists of periodically repeated ~opies of the Fourier
transform of xc(t). The copies of Xc(jQ) are shifted by integer multiples of the sam
pling frequency and then superimposed to produce the periodic Fourier transform of
the impulse train of samples~Figure 4.3 depicts the frequency-domain representation of
impulse train sampling. Figure 4.3(a) represents a bandlimited Fourier transform whose
highest nonzero frequency component in XcUQ) is at QN. Figure 4.3(b) shows the pe
riodic impulse train SUQ), and Figure 4.3(c) shows XsUQ), the result of convolving
XcUQ) with SUQ). From Figure 4.3(c), it is evident that when

Qs - QN > 0.N, or 0.5 > 2QN, (4.7)

the replicas of Xc(jQ) do not overlap, and therefore, when they are added together in
Eq. (4.6), there remains (to within a scale factor of liT) a replica of XcUQ) at each
integer multiple of Qs. Consequently, xc(t) can be recovered from xs(t) with an ideal
lowpass filter. This is depicted in Figure 4.4(a), which shows the impulse train modu
lator followed by a linear time-invariant system with frequency response HrUQ). For
XcUQ) as in Figure 4.4(b), XsUQ) would be as shown in Figure 4.4(c), where it is
assumed that Qs > 2QN. Since

XrUQ) == HrUQ)XsUQ), (4.8)

it follows that if Hr(jQ) is an ideallowpass filter with gain T and cutoff frequency Qc
such that

See, 4.2I
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Iill -fiN

fiN
(a)

_I

1;fiil1
iiL-lfis

-fis0fis1fis3fisfi

(b)
Xs(jfi)

(c)

~'XS(jfi)

1 Figure 4.3 Effect in the frequency
T domain of sampling in the time domain.

(a) Spectrum of the original signal.

/ 1\ I., I., '" 1\ I., '" ' .. (b) Spectrum of the sampling function.

n ) fi lfi fi (c) Spectrum of the sampled signal with(0,- ,V s s Qs>2QN.(d)Spectrumofthe
(d) sampled signal with Qs < 2Q N.

\

If the inequality of Eq. (4.7) does not hold, i.e., if Qs S 2QN, the copies of Xc(jQ)

overlap, so that when they are added together, Xc(jQ) is no longer recoverable by
lowpass filtering. This is illustrated in Figure 4.3(d). In this case, the reconstructed
output xr(t) in Figure 4.4(a) is related to the original continuous-time input through
a distortion referred to as aliasing distortion, or simply, aliasing. Figure 4.5 illustrates
aliasing in the frequency domain for the simple case of a cosine signal. Figure 4.5(a)
shows the Fourier transform of the signal

I
I
I Xc(t) = cosQot. (4.11)

I Figure 4.5(b) shows the Fourier transform of .tAt) with Qo < Qs12, and Figure 4.5(c)
shows the Fourier transform of Xs (t) with Qo > Qs 12. Figures 4.5(d) and (e) correspond
to the Fourier transform of the lowpass filter output for Qo < Qs12 = Jr I T and Qo >
:TIT. respectively. with Qc = Qs12. Figures 4.5(c) and (e) correspond to the case of

L
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Figure 4.4 Exact recovery of a
continuous-time signal from its samples

using an ideallowpass filter.

Xs(t)

(a)

T

£
-.oN .oN

(e)

(d)

Frequency-Domain Representation of Sampling

set) = ~ l5(t - nT)
n =_00

£~} ~N

-.os /-nN .oN \ .os .0
(c) (ns- .oN)

HrCjn)

Sec. 4.2

aliasing. With no aliasing (Figures 4.5(b) and (d)), the reconstructed output is

xr(t) = cos Qot. (4.12)

With aliasing, the reconstructed output is

xAt) = cos(Qs - Qo)t; (4.13)

i.e., the higher frequency signal cos Qot has taken on the identity (alias) of the lower
frequency signal cos(Qs - Qo)t as a consequence of the sampling and reconstruction.
This discussion is the basis for the Nyquist sampling theorem (Nyquist 1928; Shannon.
1949). stated as follows.
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cLcun)
!"IT "IT
I

-no no
(a)
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I
No aliasing

Aliasing

-no no

) (d)

xrun)

-ens - no) (ns - no)
(e)

n <7I- ns
o T =2

n >7I- _ ns
o T-2
!I

Figure 4.5 The effect of aliasing in the
sampling of a cosine signal.
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I Nyquist Sampling Theorem: Let xc(t) be a bandlimited signal with

(4.14a)I
I
I

Then xc(t) is uniquely determined by its samples x[n] = xc(nT), n = 0, ±1, ±2, ... , if

2rr

Qs = T :::2QN. (4.14b)

The frequency QN is commonly referred to as the Nyquist frequency, and the frequency
2Qs that must be exceeded by the sampling frequency is called the Nyquist rate.

Thus far. we have considered only the impulse train modulator in Figure 4.2(a).
Our eventual objective is to express X(ejW), the discrete-time Fourier transform of the
S~qlleI1Cex[n]. in terms of Xs(jQ) and Xc(jQ)· To this end. let us consider an alternative
~xpression for X,.(jQ). Applying the continuous-time Fourier transform to Eq. (4.4),
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XcCiQ) = iTS(Q - 4000n) + ;r8(Q + 4000;-r).

Example 4.1 Sampling and Reconstruction
of a Sinusoidal Signal

(4.15)
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(4.17)

(4.18)

(4.16)

(4.19)

(4.20)

n=-oo

x[n] = xc(nT)

n=-oo

00

X(ejW) = L x[n]e-jwn,

00

Xs(jQ) = L xc(nT)e-jrlTn.

00

°nT 1 ~ .X(eJ ) = T ~ Xc(J(Q - kQs»,
k=-oo

X(ejW) = ~ ~ X (. (w 27rk))T ~ cJ ---
k=-CXJ T T .

Frequency-Domain Representation of Sampling

we obtain

Xs(jQ) = X(ejW)lw=rlT = X(eirlT).

Consequently, from Eqs. (4.6) and (4.18),

and

Sec. 4.2

If we sample the continuous-time signal xc(t) = cos(4000rrt) with sampling period
T = 1/6000, we obtain x[n] = -rAnT) = cos(4000rrTn) = cos(won), where (Va =
4000 iT T = 2rr /3. In this case, ~2.,= 2rr / T = 12000iT. and the highest frequency of the
signal is Qo = 4000;r. so the conditions of the Nyquist sampling theorem are satisfied
and there is no aliasing. The Fourier transform of xc(r) is

or equivalently,

Since

it follows that

From Eqs. (4.18)-(4.20), we see that X(ejW) is simply a frequency-scaled version of
Xs(jQ) with the frequency scaling specified by w = QT. This scaling can alternatively
be thought of as a normalization of the frequency axis so that the frequency r.l = r.l5 in
X5(jr.l) is normalized to w = 2Jr for X(ejW). The fact that there is a frequency scaling
or normalization in the transformation from Xs(jr.l) to X(ejW) is directly associated
with the fact that there is a time normalization in the transformation from xs(t) to x[n].

Specifically, as we see in Figure 4.2, Xs (t) retains a spacing between samples equal to the
sampling period T. In contrast, the "spacing" of sequence values x[n] is always unity;
i.e., the time axis is normalized by a factor of T. Correspondingly, in the frequency
domain the frequency axis is normalized by a factor of is == 1/ T.
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(4.21)

7T

T

1 00

Xs(jQ) = T .L Xc(j(Q - kQs»
k=-oo

-16OOO7T -12000rr -SOOO7T - 6OOO7T-4OOO7T 0

(a)

J7T

1"11"IX(.') ,X,(j"'T)

1"

L1

1"1

1

87T

-27r 47r -7T27r027T7T~--27T87TW
3

33 33 3

(b)

and Figure 4.6(a) shows

Now suppose that the continuous-time signal is xc(t) = cos(16,OOOJrt), but the sam
piing period is T = 1/6000, as it was in Example 4.1. This sampling period fails to satisfy
the Nyquist criterion, since Qs = 2rriT = 12,OOOrr< 2Qo = 32,ooorr. Consequently,
we expect to see aliasing. Now we see an interesting result. The Fourier transform
Xs(jQ) for this case is identical to that of Figure 4.6(a). However, now the impulse
located at Q = -4000rr is from Xc(j(Q - Qs» in Eq. (4.21) rather than from Xc(jQ.)
and the impulse at Q = 40007<is from Xc(j(Q + Qs». Plotting X(eiw) = Xs(jwlT)

as a function of w yields the same graph as shown in Figure 4.6(b), since we are
normalizing by the same sampling period. The fundamental :-eason for this is that

for Qs = 12,0007<. Note that Xc(jQ) is a pair of impulses at Q = ±40007<, and
we see shifted copies of this Fourier transform centered on ±Qs, ±2Qs, etc. Plot
ting X(eiw) = Xs(jwIT) as a function of the normalized frequency w = QT gives
Figure 4.6(b), where we have used the fact that scaling the independent variable of
an impulse also scales its area, i.e., 8(wl T) = new). Note that the original frequency
Qo = 40007<corresponds to the normalized frequency wo = 40007<T = 27</3, which
satisfies the inequality wo < Jr, corresponding to the fact that Qo = 40007<< niT =
6000n. Figure 4.6(a) also shows the frequency response of the ideal reconstruction
filter H,(jQ) for the g~vensampling rate of Qs =12,0007<. It is clear from this figure
that the signal that wo~ld be reconstructed would have frequency Qo = 4000Jr, which
is the frequency of the original signal xc(t).

Figure 4.6 Continuous-time (a) and discrete-time (b) Fouriertransforms for sam
pled cosine signal with frequency Qo = 40007< and sampling period T = 1/6000.

Example 4.2 Aliasing in the Reconstruction
of an Undersampled Sinusoidal Signal

I
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7r

T

lOO<l-1r15007r 20007r 300<l-1r-400<l-1r -3000" -20007r-15007r-lOOO7r 0

(~)

_r
rlrIX('~)·tnr

t7r

I

Il~
87r

-27r 41T -iT27r027r7r4" 2"8"w
3

33 3 ,
(b)

cos(16,000"n/6ooo) = cos(2"n +4ooo"n/6ooo) = cos(2"n/3).

Frequency-Domain Representation of Sampling

Figure 4.7 Continuous-time (a) and discrete-time (b) Fouriertransforms for sam
pled cosine signal with frequency Qo = 4000rr and sampling period T = 1/1500.

As a final example, suppose that the signal is again xc(t) = cos(4000"t), as it was in
Example 4.1; i.e., the frequency is again Qo = 4000". However, now the sampling
period is increased to T = 1/1500. Once more, this sampling period fails to satisfy
the Nyquist criterion, since Qs = 2,,/T = 3000" < 2Qo = 8000". Consequently, we
expect to see aliasing again. Figure 4.7(a) shows the plot of Xs(jQ) in this case. This
time the impulse located at Q = -1000" is from Xc(j(Q - Qs)), and the impulse at
Q = 1000" is from Xc(j(Q + Qs)). Plotting X(ejW) = Xs(jw/ T) as a function of
w yields the graph shown in Figure 4.7(b), which we see is identical to Figure 4.6(b).
Again, this Fourier transform corresponds to the sequence x[n] = cos(2"n/3). Ac
cordingly, we see that the same discrete-time signal may result from sampling the same
continuous-time signal at two different sampling rates if one of those sampling rates
fails to satisfy the sampling theorem. The frequency response of the ideal reconstruc
tion filter Hr(jQ) for the given sampling rate of Qs = 3000" is shown Figure 4.7(a).
It is clear from this figure that the signal that would be reconstructed using sampling
period T = 1/1500 would have frequency Qo = 1000" and not 4000rr.

(Note that we can add any integer multiple of 2" to the argument of the cosine
without changing its value.) Thus, we have obtained the same sequence of samples,
x[n] = cos(2"n/3), by sampling two different continuous-time signals with the same
sampling frequency. In one case the sampling frequency satisfied the Nyquist criterion,
and in the other case it did not. As before, Figure 4.6( a) shows the frequency response
of the ideal reconstruction filter Hr(jQ) for the given sampling rate of Qs = 12,000".
It is clear from this figure that the signal that would be reconstructed would have
frequency Qo = 4000", which is not the frequency of the original signal xc(t).

the sequence of samples is the same in both cases; i.e.,

Example 4.3 A SecondExample of Aliasing

Sec. 4.2
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The nth sample is associated with the impulse at t = nT, where T is the sampling
period associated with the sequence x[n). If this impulse train is the input to an ideal
lowpass continuous-time filter with frequency response Hr(jQ) and impulse response
hr(t), then the output of the filter will be

tli
I
~
I,

,~,.". -'"..

(4.22)

(4.23)

(4.25)

(4.24)

Chap. 4

(4.26a)

Sampling of Continuous-Time Signals

00

n=-oo

n=-oo

00

xs(t) = L x[n]8(t - nT).

xr(t) = L x[n]hr(t - nT).
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A block diagram representation of this signal reconstruction process is shown in Fig
ure 4.8(a). Recall that the ideal reconstruction filter has a gain of T (to compensate
for the factor of II Tin Eq. (4.19) or (4.20» and a cutoff frequency Qc between QN
and Qs - QN. A convenient and commonly used choice of the cutoff frequency is
Qc = Qs12 = rr1T. This choice is appropriate for any relationship between Qs and
QN that avoids aliasing (i.e., so long as Qs > 2QN). Figure 4.8(b) shows the frequency
response of the ideal reconstruction filter. The corresponding impulse response, hr(t),
is the inverse Fourier transform of Hr(jQ), and for cutoff frequency rrl T it is given by

According to the sampling theorem, samples of a continuous-time bandlimited signal
taken frequently enough are sufficient to represent the signal exactly, in the sense that
the signal can be recovered from the samples and with knowledge of the sampling
period. Impulse train modulation provides a convenient means for understanding the
process of reconstructing the continuous-time bandlimited signal from its samples.

In Section 4.2 we saw that if the conditions of the sampling theorem are met and if
the modulated impulse train is filtered by an appropriate lowpass filter, then the Fourier
transform of the filter output will be identical to the Fourier transform of the original
continuous-time signal xc(t), and thus, the output of the filter will be xc(t). If we are
given a sequence of samples, x[ n], we can form an impulse train Xs (t) in which successive
impulses are assigned an area equal to successive sequence values, i.e.,

hr(t) = sin(rrtIT).
rrt1T

This impulse response is shown in Figure 4.8(c). From substituting Eq. (4.24) into
Eq. (4.23), it follows that

(,)_ ~ []sin[rr(t-nT)IT]Xr t - L..J x n ------.
n=-CXJ rr(t - nT)1 T

From the frequency-domain argument of Section 4.2, we saw that ifx[ n] = xc(n T),
where Xc(jQ) = 0 for 10.1 2: rrl T, then xr(t) is equal to xc(t). It is not immediately
obvious that this is true by considering Eq. (4.25) alone. However, useful insight is
gained by looking at that equation more closely. First let us consider the function hr(t)
given by Eq. (4.24). We note that

4.3 RECONSTRUCTION OF A BANDLIMITED SIGNAL
FROM ITS SAMPLES
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I
I
I
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This follows from I'Hopital's rule. In addition,

hr(nT) = 0 for n = ±1, ±2, .... (4.26b)

It follows from Eqs. (4.26a) and (4.26b) and Eq. (4.23) that if x[n] = xc(nT ),then

xr(mT) = xc(mT) (4.27)

for all integer values of m. That is, the signal that is reconstructed by Eq. (4.25) has the
same values at the sampling times as the original continuous-time signal, independently
of the sampling period T.

In Figure 4.9, we show a continuous-time signal xc(t) and the corresponding mod
ulated impulse train. Figure 4.9( c) shows several of the terms

x[n]sin[n(t - nT)jT]
n(t - nT)jT

and the resulting reconstructed signal Xr (t). As suggested by this figure, the ideallowpass
filter interpolates between the impulses of xs(t) to construct a continuous-time signal
xr(t). From Eq. (4.27), the resulting signal is an exact reconstruction of xc(t) at the
sampling times. The fact that, if there is no aliasing, the lowpass filter interpolates the
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Ideal reconstruction system
,---------------------'
I
I

I Convert from Ideal ,
I t reconstructIon

sequence 0 fil
x[n]: impulse train xs(t) H (t~~) I xr(t)r ] II I

I I
I I
I Sampling I
I period T IL J

(a)

I tI'[fiJ
7T 7T- -
T T

(b)

(c)

Figure 4.8 (a) Block diagram of an
ideal bandlimited signal reconstruction
system. (b) Frequency response of an
ideal reconstruction filter. (c) Impulse
response of an ideal reconstruction filter.
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(b)

X,(t)
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(c)

Ideal reconstruction system~---------------------,
I
I

Figure 4.9 Ideal bandlimited
interpolation.

x

IdealI
I

Convert from
reconstructionI

sequence to xs(t)

filter
: xr(t)impulse tram I

HrUD.)
I

I Sampling
: period T IL j

(a)

T

(b)

Figure 4.10 (a) Ideal bandlimited signal reconstruction. (b) Equivalent represen
tation as an ideal DIC converter.

correct reconstruction between the samples follows from our frequency-domain analysis
of the sampling and reconstruction process.

It is useful to formalize the preceding discussion by defining an ideal system for
reconstructing a bandlimited signal from a sequence of samples. We will call this system
the ideal discrete-to-continuous-time (Die) converter. The desired system is depicted in
Figure 4.10. As we have seen, the ideal reconstruction process can be represented as the
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Figure 4.10 (a) Ideal bandlimited signal reconstruction. (b) Equivalent represen
tation as an ideal DIC converter.

correct reconstruction between the samples follows from our frequency-domain analysis
of the sampling and reconstruction process.

It is useful to formalize the preceding discussion by defining an ideal system for
reconstructing a bandlimited signal from a sequence of samples. We will call this system
the ideal discrete-to-continuous-time (Die) converter. The desired system is depicted in
Figure 4.10. As we have seen, the ideal reconstruction process can be represented as the
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conversion of the sequence to an impulse train, as in Eq. (4.22), followed by filtering with
an ideallowpass filter, resulting in the output given by Eq. (4.25). The intermediate step
of conversion to an impulse train is a mathematical convenience in deriving Eq. (4.25)
and in understanding the signal reconstruction process. However, once we are familiar
with this process, it is useful to define a more compact representation, as depicted in
Figure 4.10(b), where the input is the sequence x[n] and the output is the continuous
time signal xr(t) given by Eq. (4.25).

The properties of the ideal D/C converter are most easily seen in the frequency
domain. To derive an input/output relation in this domain, consider the Fourier trans
form of Eq. (4.23) or Eq. (4.25), which is

00

n=-oo

By factoring Hr (j 0.) out of the sum, we can write

Xr(j0.) = Hr(j0.)X(ejQT). (4.28)

Equation (4.28) provides a frequency-domain description of the ideal D/C converter.
According to Eq. (4.28), X( ejW) is frequency scaled (i.e., w is replaced by 0.T). The ideal,
lowpass filter Hr (j 0.) selects the base period of the resulting periodic Fourier transform
X (ejQT) and compensates for the 1/ T scaling inherent in sampling. Thus, if the sequence
x[n] has been obtained by sampling a bandlimited signal at the Nyquist rate or higher,
then the reconstructed signal xr(t) will be equal to the original bandlimited signal. In
any case, it is also clear from Eq. (4.28) that the output })f the ideal D/C converter
is always bandlimited to at most the cutoff frequency of the lowpass filter, which is
typically taken to be one-half the sampling frequency.

4.4 DISCRETE-TIME PROCESSING OF CONTINUOUS-TIME SIGNALS

A major application of discrete-time systems is in the processing of continuous-time sig
nals. This is accomplished by a system of the general form depicted in Figure 4.11. The
system is a cascade of a C/D converter, followed by a discrete-time system, followed by
a D/C converter. The block diagram of Figure 4.11 represents a large class of systems,
since the sampling rate and the discrete-time system can be chosen as we wish. Note
that the overall system is equivalent to a continuous-time system, since it transforms
the continuous-time input signal xc(t) into the continuous-time output signal Yr(t). The
properties of the overall system are dependent on the choice of the discrete-time system
and the sampling rate. We assume in Figure 4.11 that the C/D and D/C converters have
the same sampling rate. This is not essential, and later sections of this chapter and some
of the problems at the end of the chapter consider systems in which the input and output
sampling rates are not the same.

I }i 1ih".I.~ ~
I ,is

---------------------------------

Discrete-time

system I yA t)
x (t) I I

C I I
I T I
L ~ J

Figure 4.11 Discrete-time processing
of continuous-time signals.
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The previous sections of the chapter have been devoted to understanding the
C/D and D/C conversion operations in Figure 4.11. For convenience, and as a first step
in understanding the overall system of Figure 4.11, we summarize the mathematical
representations of these operations.

The C/D converter produces a discrete-time signal

x[n] = xc(nT), (4.29)

i.e., a sequence of samples of the continuous-time input signal xc(t). The discrete-time
Fourier transform of this sequence is related to the continuous-time Fourier transform
of the continuous-time input signal by

. 1 ~ ((w 2rrk))X(eIW) = T k~(X) Xc j T - T . (4.30)

The D/C converter creates a continuous-time output signal of the form

y,(t) = f y[n] Sin[7(t - n~)/ T], (4.31)n=-(X) rr t - nT / T

where the sequence y[ n] is the output of the discrete-time system when the input to the
system is x[n]. From Eq. (4.28), Y,.(jQ), the continuous-time Fourier transform of y,(t),
and Y(ejW), the discrete-time Fourier transform of y[n], are related by

Y,.(jQ) = Hr(jQ)Y(ejQT)

= {TY(ejQT), IQI < rr./T, (4.32)0, otherwIse.

Next, let us relate the output sequence y[nJto the input sequence x[n], or equiva
lently, Y(ejW) to X(ejW). A simple example is the identity system, i.e., y[n] = x[n]. This
is the case that we have studied in detail already. We know that if xc(t) has a bandlimited
Fourier transform such that Xc(jQ) = °for IQI 2: rr/ T and if the discrete-time system
in Figure 4.11 is the identity system such that y[n] = x[n] = xc(nT), then the output will
be y, (t) = xc(t). Recall that, in proving this result, we utilized the frequency-domain
representations of the continuous-time and discrete-time signals, since the key concept
of aliasing is most easily understood in the frequency domain. Likewise, when we deal
with systems more complicated than the identity system, we generally carry out the
analysis in the frequency domain. If the discrete-time system is nonlinear or time vary
ing, it is usually difficult to obtain a general relationship between the Fourier transforms
of the input and the output of the system. (In Problem 4.33, we consider an example of
the system of Figure 4.11 in which the discrete-time system is nonlinear.) However, the
linear time-invariant case leads to a rather simple and very useful result.

4.4.1 Linear Time-Invariant Discrete-Time Systems

If the discrete-time system in Figure 4.11 is linear and time invariant, we then have

Y(ejW) = H(ejW)X(ejW), (4.33)

where H(ejW) is the frequency response of the system or. equivalently, the Fourier
transform of the unit sample response, and X(ej(V) and Y(ejGc') are the Fourier transforms
of the input and output. respectively. Combining Egs. (4.32) and (4.33). we obtain

(4.34)
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Consider Figure 4.11, with the linear time-invariant discrete-time system having fre
quency response

(4.39)

(4.35)

(4.36)

(4.37),~

(4.38)

IQI < 7r/ T,
IQI ::: 7r/ T.

IQI < 7r/ T,
IQ I ::: 7r / T.Heff(jQ) = { ~(ejQT),

. 1 ~ (( 27rk))~(jQ) = Hr(jQ)H(e1QT) T L.., Xc j Q - T .
k=-oo

Next, using Eq. (4.30) with w = QT, we have

where

Thus, if Xc(jQ) is bandlimited and the sampling rate is above the Nyquist rate, the
output is related to the input through an equation of the form

Example 4.4 Ideal Continuous-Time Lowpass Filtering
Using a Discrete-Time Lowpass Filter

If Xc(jQ) = 0 for IQI ::: 7r/T, then the ideallowpass reconstruction filter Hr(jQ)
cancels the factor 1/ T and selects only the term in Eq. (4.35) for k = 0; i.e.,

That is, the overall continuous-time system is equivalent to a linear time-invariant system
whose effective frequency response is given by Eq. (4.38).

It is important to emphasize that the linear and time-invariant behavior of the
system of Figure 4.11 depends on two factors. First, the discrete-time system must be
linear and time invariant. Second, the input signal must be bandlimited, and the sampling
rate must be high enough so that any aliased components are removed by the discrete
time system. As a simple illustration ofthis second condition being violated, consider the
case when xc(t) is a single unit-amplitude pulse whose duration is less than the sampling
period. If the pulse is unity at t = 0, then x[n] = o[n]. However, it is clearly possible
to shift the pulse so that it is not aligned with any of the sampling times, i.e., x[n] = 0
for all n. Obviously, such a pulse, being limited in time, is not bandlimited. Even if the
discrete-time system is the identity system, such that y[n] = x[n], the overall sy:;tem will
not be time invariant. In general, if the discrete-time system in Figure 4.11 is linear and
time invariant, and if the sampling frequency is above the Nyquist rate associated with
the bandwidth of the input xc(t), then the overall system will be equivalent to a linear
time-invariant continuous-time system with an effective frequency response given by
Eq. (4.38). Furthermore, Eq. (4.38) is valid even if some aliasing occurs in the C/D
converter, as long as H( ejUJ) does not pass the aliased components. Example 4.4 is a
simple illustration of this.
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Chap. 4

Figure 4.12 (a) Frequency response of discrete-time system in Figure 4.11.
(b) Corresponding effective continuous-time frequency response for bandlimited
inputs.

This frequency response is, of course, periodic with period 2rr, as shown in Fig
ure 4.12(a). For bandlimited inputs sampled above the Nyquist rate, it follows from
Eq. (4.38) that the overall system of Figure 4.11 will behave as a linear time-invariant
continuous-time system with frequency response

--

r--

InTI < We or Inl < we! T,

InTI> We or Inl > we! T.
(4.40)

As shown in Figure 4.12(b), this effective frequency response is that of 8n ideallowpass
filter with cutoff frequency nc = we! T

As an interpretation of this result, consider the graphical illustration given in
Figure 4.13. Figure 4.13(a) indicates the Fourier transform of a bandlimited signal.
Figure 4.13(b) shows the Fourier transform of the intermediate modulated impulse
train, which is identical to X( ejQT), the discrete-time Fourier transform of the sequence
of samples evaluated for w = nT.In Figure 4.13( c), the discrete-time Fourier transform
of the sequence of samples and the frequency response of the discrete-time system
are both plotted as a function of the normalized discrete-time frequency variable w.
Figure 4.13(d) shows Y(ejW) = H(ejW)X(ejW), the Fourier transform of the output
of the discrete-time system. Figure 4.13(e) illustrates the Fourier transform of the
output of the discrete-time system as a function of the continuous-time frequency n,
together with the frequency response of the ideal reconstruction filter Hr(jn) of the
Die converter. Finally, Figure 4.13(f) shows the resulting Fourier transform of the
output of the Die converter. By comparing Figures 4.13(a) and 4.13(£), we see that
the system behaves as a linear time-invariant system with frequency response given
by Eq. (4.40) and plotted in Figure 4.12(b).
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Figure 4.13 (a) Fourier transform of a bandlimited input signal. (b) Fourier
transform of sampled input plotted as a function of continuous-time frequency
Q. (c) Fourier transform X (eiw) of sequence of samples and frequency response
H (eIW) of discrete-time system plotted vs. cu. (d) Fourier transform of output of
discrete-time system. (e) Fourier transform of output of discrete-time system and
frequency response of ideal reconstruction filter plotted vs. Q. (f) Fourier transform
of output.
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Several important points are illustrated in Example 4.4. First, note that the ideal
lowpass discrete-time filter with discrete-time cutoff frequency We has the effect of an
ideallowpass filter with cutoff frequency Qe = we! T when used in the configuration
of Figure 4.11. This cutoff frequency depends on both We and T. In particular, by using
a fixed discrete-time lowpass filter, but varying the sampling period T, an equivalent
continuous-time lowpass filter with a variable cutoff frequency can be implemented.
For example, if T were chosen so that QN T < We, then the output of the system of
Figure 4.11 would be Yr(t) = xe(t). Also, as illustrated in Problem 4.25, Eq. (4.40) will
be valid even if some aliasing is present in Figures 4.13(b) and (c), as long as these
distorted (aliased) components are eliminated by the filter H(eiw). In particular, from
Figure 4.13(c), we see that for no aliasing to be present in the output, we require that

I

(2n - QNT) > We,

compared with the Nyquist requirement that

(4.41)

(4.42)

As another example of continuous-time processing using a discrete-time system, let us
consider the implementation of an ideal differentiator for bandlimited signals.

Example 4.5 Discrete-Time Implementation of an Ideal
Continuous-Time Bandlimited Differentiator

The ideal continuous-time differentiator system is defined by

d

Ye(t) = dt [xe(t)],

with corresponding frequency response

(4.43)

(4.44)

Since we are considering a realization in the form of Figure 4.11, the inputs are re
stricted to be bandlimited. For processing bandlimited signals, it is sufficient that

(4.45)

-00 < n < 00,

Istj < niT,
Istl::: niT,

as depicted in Figure 4.14(a). The corresponding discrete-time system has frequency
response

. ]W

H(e1W) = T' Iwi < n, (4.46)

and is periodic with period 2n. This frequency response is plotted in Figure 4.14(b).
The corresponding impulse response can be shown to be

[ ] _ nncosnn - smnnh n - ~~ ,

or equivalently,

{ O.h[nJ = cos:.n,
nl

n =0,

n T'= O.
(4.47)
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Figure 4.14 (a) Frequency response of a continuous-time ideal bandlimited dif
ferentiator Hc(j0.) = j0., 10.! <: nl T. (b) Frequency response of a discrete-time
filter to implement a continuous-time bandlimited differentiator.

00

QT 1""X(eJ ) = T L..., (rro(0. - 0.0 - k0.,) + rro(0. + 0.(1- k0.,)l
k=-OQ

Thus, if a discrete-time system with this impulse response was used in the config

uration of Figure 4.11, the output for every bandlimited input would be the derivative,
of the input.

Suppose that the band limited differentiator of Example 4.5 has input xc(t) =
cos(0.at) with 0.0 < niT. The sampled input will be x[nJ = cos(wan), where wa =
0.0 T < rr, and the discrete-time Fourier transform, expressed as a function of 0., is

Example 4.6 Illustration of Example 4.5
with a Sinusoidal Input

ii!
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From Eq. (4.32), the continuous-time Fourier transform of the output of the Die
converter is, for IQ I ~ re / T, f'

f
L

(4.48)

Iwl ~ re.

Iwl ~ re.

for IQI ~ x/T.

X(eiw) = re8(w - wo) + re8(w + wo),

QT X X )X(eJ ) = -8(Q - Qo) + -8(Q + QoT T

If we focus ori the base band of frequencies -re / T < Q < re/ T, we obtain

Y,.(jQ) = Hr(jQ)Y(eiQT) = TY(eiQT)

[.. ]
]WOX ]wore

= T ----y-8(QT - QaT) - ----y-8(QT + QaT)

[ j wore 1 j wore 1 ]
= T -- -8(Q - Qo) - -- -8(Q + Qo)T T T T

= jQox8(Q - Qo) - jQox8(Q + Qo).

]w= -[re8(w - wo) + x8(w + wo)]T

To express the discrete-time Fourier transform in terms of w, we substitute Q = w/ T
into Eq. (4.48) and use the fact that 8(w/ T) = T8(w). The result is

The discrete-time Fourier transform X(eiw) repeats periodically, of course, with pe
riod 2re in the variable w, and X(eiQT) repeats periodically with period 2re/T. Now,
from Eq. (4.46), the discrete-time Fourier transform of the output is

Thus, the reconstruction filter selects the two impulses at ±Qo, so it follows that

lQ 1>1
Yr(t) = jQ0"2eJ 01 - jQ0"2e-J 01 = -Qosin(Qot),

and we obtain the expected result that

d

Yr(t) = dt [xc(t)].

4.4.2 Impulse Invariance

We have shown that the cascade system of Figure 4.11 can be equivalent to a linear time
invariant system for bandlimited input signals. Let us now assume that, as depicted in
Figure 4.15, we are given a desired continuous-time system that we wish to implement
in the form of Figure 4.11. With Hc(jD.) bandlimited, Eq. (4.38) specifies how to choose
H(eiw) so that Heff(jD.) = Hc(jD.). Specifically .

Iwl < Jr, (4.49)
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y[n]x[n]

(a)

Continuous-time
LTI system

xc(t) I hc(t), HcUD) I Yc(t)

: Yr(t) = yc(t)
I

I T T II I
L ~

HeffUD) = HcUD)

(b)

1-------------------------------1

! I I ,- -D-i-sc-re-t-e--tim-e-' I I :
LTIsystem
h[n], H(ejW)

I
I

Figure 4.15 (a) Continuous-time LTI system. (b) Equivalent system for bandlim
ited inputs.

with the further requirement that T be chosen such that

IQI ::::niT. (4.50)

)":

la
h,.

Under the constraints of Eqs. (4.49) and (4.50), there is also a straightforward and useful
relationship between the continuous-time impulse response he(r) and the discrete-time
impulse response h[n]. In particular, as we shall verify shortly,

i.e., the impulse response of the discrete-time system is a scaled, sampled version of
he(t). When h[n] and he(t) are related through Eq. (4.51), the discrete-time system is
said to be an impulse-invariant version of the continuous-time system.

Equation (4.51) is a direct consequence ofthe discussion in Section 4.2. Specifically,
with x[n] and xe(t) respectively replaced by h[n] and he(t) in Eg. (4.16), i.e.,

h[n] = The(nT); (4.51)

(4.55)

(4.56)

(4.52)

(4.53)

Iwi :S Jr.

h[n] = he(nT),

h[n] = The(nT),

H(ej"') = He (j~) ,

Eq. (4.20) becomes

H(ejW) = ~ k~OO He (j (~ _ 2;k) ) ,

or, if Eq. (4.50) is satisfied,

. 1 (W)H(el"') = THe j T' Iwl :S n. (4.54)

Modifying Eqs. (4.52) and (4.54) to account for the scale factor of Tin Eg. (4.51), we
have



Example 4.7 A Discrete-Time Lowpass Filter Obtained By
Impulse Invariance
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Suppose that we wish to obtain an ideallowpass discrete-time filter with cutoff fre
quency We < lr. We can do this by sampling a continuous-time ideallowpass filter with
cutoff frequency Qe = We j T < lr j T defined by

{ 1,He(jQ) = 0,

The impulse response of this continuous-time system is

he(t) = sin(Qet)lrt

so we define the impulse response of the discrete-time system to be

h[n] = The(nT) = Tsin(QenT) = sin(wen),renT lrn

where We = Qe T. We have already shown that this sequence corresponds to the
discrete-time Fourier transform

H(ejW) = {1, Iwi < We,0, We < Iwi S lr,

which is identical to He(jwj T), as predicted by Eq. (4.56).

I. ;

A

He(s) = S - So .

Example 4.8 Impulse Invariance Applied
to Continuous-Time Systems with Rational
System Functions

Many continuous-time systems have impulse responses composed of a sum of expo
nential sequences of the form

he(t) = AeS01u(t).

Such time functions have Laplace transforms

~

If we apply the impulse invariance concept to such a continuous-time system, we obtain
the impulse response

h[n] = The(nT) = AesoTnu[n],

which has z-transform system function

AT
H(z) = 1-esoTz 1

and frequency response

In this case. Eq. (4.56) does not hold exactly. btecausc- the original continuous-time
system did not have a strictly bandlimited freq uency reiponse. and therefore, the r~
salting discrete-time frequency response is an aliased version of HcUQ). Even though
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(4.58)

(4.57)

(4.59a)

(4.59b)

10.1 < niT,

10.1 < niT,

Figure 4.16 Continuous-time
processing of discrete-time signals.

00

xe(t) = L x[n]sin[n(t - nT)IT]
n=-oo n(t - nT)1 T

Xe(j0.) = TX(ejQT),

Ye(j0.) = He(j0.)Xe(j0.),

Continuous-Time Processing of Discrete-Time Signals

aliasing occurs in such a case as this, the effect may be small. Higher order systems
whose impulse responses are sums of complex exponentials may in fact have fre
quency responses that fall off rapidly at high frequencies, so that aliasing is minimal if
the sampling rate is high enough. Thus, one approach to the discrete-time simulation
of continuous-time systems and also to the design of digital filters is through sampling
of the impulse response of a corresponding analog filter.

and

Sec. 4.5

(t) = ~ []sin[n(t - nT)IT]
Ye n~ooyn n(t-nT)IT '

where x[n] = xe(nT) and y[n] = Ye(nT). The frequency-domain relationships for
Figure 4.16 are

In Section 4.4, we discussed and analyzed the use of discrete-time systems for processing
continuous-time signals in the configuration of Figure 4.11. In this section we consider
the complementary situation depicted in Figure 4.16, which is appropriately referred to
as continuous-time processing of discrete-time signals. While the system of Figure 4.16 is
not typically used to implement discrete-time systems, it provides a useful interpretation
of certain discrete-time systems.

From the definition of the idealD/C converter, Xe(j0.) and therefore also ~(j0.),
will necessarily be zero for 10.1::: niT. Thus, the C/D converter samples Ye(t) without
aliasing, and we can express xe(t) and Ye(t) respectively as

. 1 (w)Y(e1W) = T~ j T ' Iwl < n. (4.59c)

Therefore, by substituting Eqs. (4.59a) and (4.59b) into Eq. (4.59c), it follows that the
overall system behaves as a discrete-time system whose frequency response is

. (w) ~H(e1W) = He j T' Iwl < n, (4.60)

h[n], H(ejw)

,--------------------------1
I I
I I

X[II] I
I
I
I T
~--------------------------~



or equivalently, the overall frequency response of the system in Figure 4.16 will be equal
to a given H(ejW) if the frequency response of the continuous-time system is
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101 < niT.
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(4.61)
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Since Xc(jO) = 0 for 101 2: niT, Hc(jO) may be chosen arbitrarily above niT. A
convenient, but arbitrary, choice is Hc(j 0) = 0 for 101 2: niT.

With this representation of a discrete-time system, we can focus on the equivalent
effect of the continuous-time system on the bandlimited continuous-time signal xc(t).
This is illustrated in Examples 4.9 and 4.10.

Example 4.9 Noninteger Delay

When I':. is an integer, this system has a straightforward interpretation as a delay
of 1':., i.e.,

When I':. is not an integer, Eq. (4.63) has no formal meaning, because we cannot shift
the sequence x[n] by anything but an integer. However, with the use of the system of
Figure 4.16, a useful time-domain interpretation can be applied to the system specified
by Eq. (4.62). Let HoUr?) in Figure 4.16 be chosen to be

HeUr?) = H(ej0.T) = e-j0.6T. (4.64)

Then, from Eq. (4.61), the overall discrete-time system in Figure 4.16 will have the
frequency response given by Eq. (4.62), whether or not I':. is an integer. To interpret
the system ofEq. (4.62), we note that Eq. (4.64) represents a time delay of I':. Tseconds.
Therefore,

Let us consider a discrete-time system with frequency response

H(ejW) = e-jw6, Iwl < n.

y[n] = x[n - 1':.].

Ye(t) = xeCt - I':.T).

(4.62)

(4.63)

(4.65)

Furthermore, xe(t) is the bandlimited interpolation of x[n], and y[n] is obtained by
sampling YcU). For example, if (\, = ~,y[n] would be the values of the bandlimited

/

/

o T 2T

(a)

/--,.--t,, ,
/

o T 2T

(b)

Figure 4.17 Continuous-time processing of the discrete-time sequence in part
(a) can produce a new sequence with a "half-sample" delay, as in part (b).
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When b. is not an integer, h[n] has infinite extent. However, when b. = no is art integer,
it is easily shown that h[n] = 8[n- no], which is the impulse response ofthe ideal integer
delay system.

(4.66)

-CXJ < n < CXJ.

00

= L x[k]sinn(n-k-b.)
k=-oo n(n - k- b.) ,

which is, by definition, the convolution of x[n] with

h[n] = sinn(n - b.)
n(n - b.) ,

interpolation halfway between the input sequence values. This is illustrated in Fig
ure 4.17. We can also obtain a direct convolution representation for the system defined
by Eq. (4.62). From Eqs. (4.65) and (4.57), we obtain

y[n] = yc(nT) = xc(nT - b. T)

= ~ x[k] sin[n(t - b.T - kT)IT] Ikf:::oo n(t-b.T-kT)IT l=nT

I

Figure 4.18 The moving-average system represented as a cascade of two
systems.

Example 4.10 Moving-Average System
with Noninteger Delay

(4.67)Iwl < n.. 1 sin[w(M + 1)/2] -jwM/2

H(e/W) = (M + 1) sin(wI2) e ,

H(eiw) -------

r------------------- I
I I
: 1 sin (w(M + 1)/2) I

[ ) M + 1 sin (w/2) I y[nJx n I I
I IL _

In Example 2.20, we considered the general moving-average system and obtained its
frequency response. For the case of the causal (M + I)-point moving-average system,
M] = 0 and M2 = M, and the frequency response is

This representation of the frequency response suggests the interpretation of the
(M + I)-point moving-average system as the cascade of two systems, as indicated
in Figure 4.18. The first system imposes a frequency-domain amplitude weighting. The
second system represents the linear-phase term in Eg. (4.67). If M is an even integer
(meaning the moving average of an odd number of samples). then the linear-phase

The noninteger delay represented by Eq. (4.66) has considerable practical sig
nificance, since such a factor often arises in the frequency-domain representation of
systems. When this kind of term is found in the frequency response of a causal discrete
time system, it can be interpreted in the light of this examplt1.This interpretation is
illustrated in Example 4.10.



I

<~
:.;~ However, if M is odd, the linear-phase term corresponds to a noninteger delay, specifi-

-I cally, an integer-plus-one-half sample interval. This noninteger delay can be interpreted
~ in ~erms of the discussion in Exa~ple 4.9; i.-e.,y[ n] is equivalent to bandl~ted interpo
lillatlOn ofw[n], followed by a contmuous-tIme delay of MTj2 (where TIS the assumed,

~.';~.',but arbitrary, sampling period associated with the D /C interpolation of w [n D,followed~~~ by C/D conversion again with sampling period T.This fractional delay is illustrated in

,~ Figure 4.19. Figure 4.19(a) shows a discrete-time sequence x[n] = cos(0.25rrn). This
'''!i

y[n] = w[n - Mj2].
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~ term corresponds to an integer delay, i.e.,
~-,~
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(4.68)
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I
I

-5

0.5

(b)

Figure 4.19 Illustration of moving-average filtering. (a) Input signal x[n]

cos(O.25rr n). (b) Corresponding output of six-point moving-average filter.

sequence is the input to a six-point (M = 5) moving-average filter. In this example, the
input is "turned on" far enough in the past so that the output consists only ofthe steady
state response for the time interval shown. Figure 4.19(b) shows the corresponding
output sequence, which is given by

y[n] = H(ej0.25Jf)~ejO.25Jfn + H(e-jO.25rr)~e-jO.25Jfn2 2

= ~sin[3(O.25rr)] e- j(O.25Jf)5/2ej0.25rrn + ~sin[3( -0.25rr)] ej(O.25Jf )5/2e- j0.25;rn
2 6 sin(O.125rr) 2 6 sine -0.125n)

= 0.308 cos[O.25n(n - 2.5)].

Thus, the six-point moving-average filter reduces the amplitude of the cosine signal
and introduces a phase shift that corresponds to 2.5 samples of delay. This is readily
apparent in Figure 4.19. where we have oiotted thp r(mtinll(lI1~-timp ,.,-,o;npo th". "'~" 1,1
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We have seen that a continuous-time signal xc(t) can be represented by a discrete-time
signal consisting of a sequence of samples

4.6 CHANGING THE SAMPLING RATE USING
DISCRETE-TIME PROCESSING

(4.69)x[n] = xc(nT).

be interpolated by the ideal Die converter for both the input and the output sequence.
Note in Figure 4.19(b) that the six-point moving-average filtering gives a sampled
cosine signal such that the sample points have been shifted by 2.5 samples with respect
to the sample points of the input. This can be seen from Figure 4.19(b) by comparing
the positive peak at 8 in the interpolated cosine for the input to the positive peak at
10.5 in the interpolated cosine for the output. Thus, the six-point moving-average filter
is seen to have a delay of 5/2 = 2.5 samples.

Alternatively, our previous discussion has shown that, even if x[n] was not obtained
originally by sampling, we can always use the bandlimited interpolation formula of
Eq. (4.25) to find a continuous-time bandlimited signal xr(t) whose samples are x[n] =
xc(nT).

It is often necessary to change the sampling rate of a discrete-time signal, i.e., to
obtain a new discrete-time representation of the underlying continuous-time signal of
the form

x'[n] = xc(nT'), (4.70)

I

where T' =I T. One approach to obtaining the sequences x'[n] from x[n] is to recon
struct xc(t) from x[n] using Eq. (4.25) and then res ample xc(t) with period T' to obtain
x'[n]. Often, however, this is not a desirable approach, because of the nonideal analog
reconstruction filter, DIA converter, and AID converter that would be used in a practi
cal implementation. Thus, it is of interest to consider methods of changing the sampling
rate that involve only discrete-time operations.

4.6.1 Sampling Rate Reduction by an Integer Factor

The sampling rate of a sequence can be reduced by "sampling" it, i.e., by defining a new
sequence

xd[n] = x[nM] = xc(nMT). (4.71)

Equation (4.71) defines the system depicted in Figure 4.20, which is called a sampling rate
compressor (see Crochiere and Rabiner, 1983) or simply a compressor. From Eq. (4.71),
it is clear that xd[n] is identical to the sequence that would be obtained from xc(t) by

Sampling
period T

x-[-n-] --....,)~BXd[n] :ox[lIL~1]

Sampling Figure 4.20 Representation of a
period T' :0 MT compressor or discrete-time sampler.



sampling with period T' = MT. Furthermore, if Xc(jQ) = 0 for IQI ::::QN, then xa[n]
is an exact representation of xc(t) if rrj T' = rrj(MT) ::::QN. That is, the sampling rate
can be reduced by a factor of M without aliasing if the original sampling rate was at least
M times the Nyquist rate or if the bandwidth of the sequence is first reduced by a factor
of M by discrete-time filtering. In general, the operation of reducing the sampling rate
(including any prefiltering) will be called downsampling.

As in the case of sampling a continuous-time signal, it is useful to obtain a
frequency-domain relation between the input and output of the compressor. This time,
however, it will be a relationship between discrete-time Fourier transforms. Although
several methods can be used to derive the desired result, we will base our derivation on
the results already obtained for sampling continuous-time signals. First recall that the
discrete-time Fourier transform of x[n] = xc(nT) is

••••
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(4.72)

I

Similarly, the discrete-time Fourier transform of xd[n] = x[nM] = xc(nT') with T' =
MTis

To see the relationship between Eqs. (4.74) and (4.72), note that the summation index r
in Eq. (4.74) can be expressed as

. 1 00 ( . ( (J) 2rrr))Xd(efW) = T' L Xc ] T' - r .T=-oo

Now, since T' = MT, we can write Eq. (4.73) as

. 1 00 ( • ((J) 2rr r ) )Xd(efW) = MT L Xc ] MT - MT .T=-oo

r = i + kM,

(4.73)

(4.74)

(4.75)

where k and i are integers such that -00 < k < 00 and 0 ::::i ::::M - 1. Clearly, r is still
an integer ranging from -00 to 00, but now Eq. (4.74) can be expressed as

(4.76)

The term inside the square brackets in Eq. (4.76) is recognized from Eq. (4.72) as

Thus, we can express Eq. (4.76) as

. 1 kl-l .

Xi/leI") = M L X(el(,u/M-2rri/M).
i=O

(4.77)

(4.78)
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If this condition does not hold, aliasing occurs, but it may be tolerable for some appli
cations. In other cases, downsampling can be done without aliasing if we are willing to
reduce the bandwidth of the signal x[n] before downsampling. Thus, if x[n] is filtered
by an ideallowpass filter with cutoff frequency JrIM, then the output .~[nJ can be down
sampled without aliasing, as illustrated in Figures 4.22(d), (e), and (t). Note that the
sequence xd[n] = i[nM] no longer represents the original underlying continuous-time
signal .lcCt). Rather, xd[n] = .'(,(nT). where T' = NIT. and .'tAl) is obtained from xc(t)

by lowpass filtering with cutoff frequency Qc = J[ IT' = J[ I (NIT).

(4.79)

(4.80)WN < JrjM.or

and 2Jrl M ~ 2WN.
Downsampling is illustrated in Figure 4.21. Figure 4.21 (a) shows the Fourier trans

form of a bandlimited continuous-time signal, and Figure 4.21(b) shows the Fourier
transform of the impulse train of samples when the sampling period is T.Figure 4.21 (c)
shows X(ejW) and is related to Figure 4.21(b) through Eq. (4.18). As we have already
seen, Figures 4.21 (b) and (c) differ only in a scaling of the frequency variable. Fig
ure 4.21(d) shows the discrete-time Fourier transform of the downsampled sequence
when M = 2. We have plotted this Fourier transform as a function of the normalized
frequency w = QT'. Finally, Figure 4.21(e) shows the discr~te-time Fourier transform
of the downsampled sequence plotted as a function of the continuous-time frequency
variable Q. Figure 4.21(e) is identical to Figure 4.21(d), except for the scaling of the
frequency axis through the relation Q = wi T'.

In this example, 2JrIT = 4QN; i.e., the original sampling rate is exactly twice the
minimum rate to avoid aliasing. Thus, when the original sampled sequence is down
sampled by a factor of M = 2, no aliasing results. If the downsampling factor is more
than 2 in this case, aliasing will result, as illustrated in Figure 4.22.

Figure 4.22(a) shows the continuous-time Fourier transform of Xe(l), and Fig
ure 4.22(b) shows the discrete-time Fourier transform of the sequence x[n] = xe(nT),
when 2JrjT = 4QN. Thus, WN = QNT = Jr/2. Now, if we downsample by a factor of
M = 3, we obtain the sequence xd[n] = x[3n] = xe(n3T) whose discrete-time Fourier
transform is plotted in Figure 4.22(c) with normalized frequency W = QT'. Note that
because MWN = 3Jrj2, which is greater than Jr, aliasing occurs. In general, to avoid
aliasing in downsampling by a factor of M requires that

There is a strong analogy between Eqs. (4.72) and (4.78): Equation (4.72) expresses
the Fourier transform of the sequence of samples, x[n] (with period T), in terms of the
Fourier transform of the continuous-time signal xe(t); Equation (4.78) expresses the
Fourier transform of the discrete- time sampled sequence Xd [n] (with sampling period M)

in terms of the Fourier transform of the sequence x[ n]. If we compare Eqs. (4.73) and
(4.78), we see that Xd( ejW) can be thought of as being composed of either an infinite set
of copies of XeU Q), frequency scaled through w = Q1"' and shifted by integer multiples
of2Jrj T' (Eq. (4.73», or M copies of the periodic Fourier transform X(ejW), frequency
scaled by M and shifted by integer multiples of 2Jr (Eq. (4.78». Either interpretation
makes it clear that Xd(ejW) is periodic with period 2Jr (as are all discrete-time Fourier
transforms) and that aliasing can be avoided by ensuring that X(ejW) is bandlimited,
1.e.,

I
I
I

JI..•
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Figure 4.21 Frequency-domain illustration of downsampling.
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Figure 4.22 (a)-(c) Downsampling with aliasing. (d)-(f) Downsampling with
prefiltering to avoid aliasing.
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x[n]

Sampling
period T

Lowpass filter ~
Gain = 1

Cutoff = 7T/M i[n]

Sampling
period T

Ix,[nJ~xr"~

Sampling Figure 4.23 General system for
period T' = MT sampling rate reduction by M.

From the preceding discussion, we see that a general system for downsampling by
a factor of M is the one shown in Figure 4.23. Such a system is called a decimator, and
downsampling by lowpass filtering followed by compression has been termed decimation
(Crochiere and Rabiner, 1983).

or equivalently,

L x[A}·-iwLk = X(eiwL).
k=-co

The system on the right is a lowpass discrete-time filter with cutoff frequency 7r j Land
gain L. This system plays a role similar to the ideal Die converter in Figure 4.10(b).
First we create a discrete-time impulse train xe[n), and then we use a lowpass filter to
reconstruct the sequence.

The operation of the system in Figure 4.24 is most easily understood in the fre
quency domain. The Fourier transform of xe[n) can be expressed as

,-II,
"

Iit·f
,

.--

So_

\',
r
v
L

n

L
r

t!

If:'

r

(4.85)

(4.86 )

co

k=-oo
xe[n) = L x[k)8[n - kL).

4.6.2 Increasing the Sampling Rate by an Integer Factor

We have seen that the reduction of the sampling rate of a discrete-time signal by an
integer factor involves sampling the sequence in a manner analogous to sampling a
continuous-time signal. Not surprisingly, increasing the sampling rate involves opera
tions analogous to D/C conversion. To see this, consider a signal x[n) whose sampling
rate we wish to increase by a factor of L. If we consider the underlying continuous-time
signal xc(t), the objective is to obtain samples

xi[n) = xc(nT'), (4.81)

where T' = Tj L, from the sequence of samples

x[n) = xc(nT). (4.82)

We will refer to the operation of increasing the sampling rate as upsampling.
From Eqs. (4.81) and (4.82) it follows that

xi[n) = x[nj L) = Xc(nTj L), n = 0, ±L, ±2L, .... (4.83)

Figure 4.24 shows a system for obtaining xi[n) from x[n) using only discrete-time pro
cessing. The system on the left is called a sampling rate expander (see Crochiere and
Rabiner, 1983) or simply an expander. Its output is

x [n) = {x[nj L), n = 0, ±L, ±2L, ... , (4.84)e 0, otherWIse,



Thus, the Fourier transform of the output of the expander is a frequency-scaled
version of the Fourier transform of the input; i.e., w is replaced by wL so that w is now
normalized by

173

(4.87)

(4.88)

w=QT'.

Sampling Figure 4.24 General system for
period T' = T/L sampling rate increase by L.

Lowpass filter
Gain=L

xe[nJ I CUtoff=1T/L I x;[nJ

Sampling
period T' = T/L

Changing the Sampling Rate Using Discrete-Time Processing

This effect is illustrated in Figure 4.25. Figure 4.25(a) shows a bandlimited continuous
time Fourier transform, and Figure 4.25(b) shows the discrete-time Fourier transform of
the sequence x[n] = xc(nT), where niT = QN. Figure 4.25(c) shows Xe(ejW) according
to Eq. (4.86), with L = 2, and Figure 4.25( e) shows the Fourier transform of the desired
signal Xi [n]. We see that Xi (ejW) can be obtained from Xe( ejW) by correcting the ampli
tude scale from 11 Tto 11 T' and by removing all the frequency-scaled images of Xc(jQ)

except at integer multiples of 2n. For the case depicted in Figure 4.25, this requires a
lowpass filter with a gain of 2 and cutoff frequency n12, as shown in Figure 4.25( d).
In general, the required gain would be L, since L(11 T) = [1/(TI L)] = II T', and the
cutoff frequency would be niL.

This example shows that the system of Figure 4.24 does indeed give an output
satisfying Eq. (4.81) if the input sequence x[n] = xc(nT) was obtained by sampling
without aliasing. That system is therefore called an interpolator, since it fills in the missing
samples, and the operation of upsampling is therefore considered to be synonymous
with interpolation.

As in the case ofthe DIC converter, it is possible to obtain an interpolation formula
for xi[n] in terms of x[n]. First note that the impulse response of the lowpass filter in
Figure 4.24 is

Sec. 4.6

x[nJ

Sampling
period T

n = ±L, ±2L, ....

Thus, for the ideallowpass interpolation filter, we have

(4.89)

(4.91)

(4.90)

n = 0, ±L, ±2L, ... ,Xi [n] = x[nl L] = xc(nTI L) = xc(nT'),

Using Eq. (4.85), we obtain

xi[n] = f x[k]sin[n(n - kL)1 LJ.
k=-oo n(n - kL)1 L

The impulse response hi [n] has the properties

hi[O] = 1,

hi[n] = 0,

~.

j. -

---~~~,,{;

as desired. The fact that xi[n] = xAnT') for all n follows from our frequency-domain
argument.

In practice, ideallowpass filters cannot be implemented exactly. but we will see
in Chapter 7 that very good approximations can be designed. (Also. see Schafer and

~
q "

~,~~
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Figure 4.25 Frequency-domain illustration of interpolation.
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I
I

Rabiner, 1973, and Oetken et aI., 1975.) In some cases, very simple interpolation proce
dures are adequate. Since linear interpolation is often used (even though it is generally
not very accurate), it is worthwhile to examine linear interpolation within the general
framework that we have just developed.

Linear interpolation can be accomplished by the system of Figure 4.24 if the filter
has impulse response

{ 1- Inl/ L, Inl:S L,hlin[n) = 0, otherwise,
(4.92)

Figure 4.27(a) depicts xe[n] and xlin[n] for the case L = 5. From this figure, we see that

as shown in Figure 4.26 for L = 5. With this filter, the interpolated output will be

Xlin[n] = L xe[k]hlin[n - k] = L x[k]hlin[n - kL].
~-oo ~-oo

(4.93)

0000

1
4/5

3/5
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o n
Figure 4.26 Impulse response for
linear interpolation.
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1T w Figure 4.27 (a) Illustration of linear
interpolation by filtering. (b) Frequency
response of linear interpolator compared
with ideallowpass interpolation filter.(b)
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Xlin [n] is identical to the sequence obtained by linear interpolation between the samples.
Note that
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so that

hlin[O) = 1,

hlin[n) = 0,

Sampling of Continuous-Time Signals

n = ±L, ±2L, ... ,

Chap. 4

(4.94)

Xlin[n] = x[nj L] at n = 0, ±L, ±2L, .... (4.95)

(4.96)

The amount of distortion in the intervening samples can be gauged by compar
ing the frequency response of the linear interpolator with that of the ideallowpass
interpolator for a factor-of-L interpolation. It can be shown (see Problem 4.50) that

H. ( jW) = ~ [Sin(WLj2)] 21m e L sin(wj2)

This function is plotted in Figure 4.27(b) for L = 5, together with the ideallowpass
interpolation filter. From the figure we see that if the original signal is sampled at the
Nyquist rate, linear interpolation will not be very good, since the output of the filter
will contain considerable energy in the band rrj L < Iwl :::: rr. However, if the original
sampling rate is much higher than the Nyquist rate, then the linear interpolator will
be more successful in removing the frequency-scaled images of Xc(jQ) at multiples of
2rr j L. This is because Hlin (eiw) is small at these normalized frequencies and at higher
sampling rates the shifted copies of XcU Q) are more localized at these frequencies. This
is intuitively reasonable, since, if the original sampling rate greatly exceeds the Nyquist
rate, the signal will not vary significantly between samples, and thus, linear interpolation
should be more accurate for oversampled signals.

4.6.3 Changing the Sampling Rate by a Noninteger Factor

We have shown how to increase or decrease the sampling rate of a sequence by an
integer factor. By combining decimation and interpolation, it is possible to change
the sampling rate by a noninteger factor. Specifically, consider Figure 4.28(a), which
shows an interpolator that decreases the sampling period from T to Tj L, followeodby
a decimator that increases the sampling period by M, producing an output sequence
xd[n) that has an effective sampling period of T = TMj L. By choosing Land M
appropriately, we can approach arbitrarily close to any desired ratio of sampling periods.
For example, if L = 100 and M = 101, then T' = 1.01T.

If M > L, there is a net increase in the sampling period (a decrease in the sampling
rate), and if M < L, the opposite is true. Since the interpolation and decimation filters in
Figure 4.28(a) are in cascade, they can be combined as shown in Figure 4.28(b) into one
lowpass filter with gain L and cutoff equal to the minimum of rrj Land rrj M. If M > L,
then rrj M is the dominant cutoff frequency, and there is a net reduction in sampling
rate. As pointed out in Section 4.6.1, if x[n] was obtained by sampling at the Nyquist
rate, the sequence SAnJ will be a lowpass-filtered version of the original underlying
bandlimited signal if we are to avoid aliasing. On the other hand, if M < L, then rr/ Lis
the dominant cutoff frequency. and there will be no need to further limit the bandwidth
of the signal below the original Nyquist frequency.
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Lowpass filter
Gain =L

x[n]

. Cutoff = Ixi[n] L Ixd[nJrrun(7TIL,7TIM) -
Sampling period:

T
T
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L
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(b)

Figure 4.29 illustrates sampling rate conversion by a rational factor. Suppose that a
bandlimited signal with Xe(j0.) as given in Figure 4.29(a) is sampled at the Nyquist
rate; i.e., 2TC/ T = 20.N. The resulting discrete-time Fourier transform

Figure 4.28 (a) System for changing the sampling rate by a l10ninteger factor. (b)
Simplified system in which the decimation and interpolation filters are combined.

X(ejW) = ~ ktoo Xc (i (~- 2;k) )

is plotted in Figure 4.29(b). If we wish to change the sampling period to T' = (3/2) T,
we must first interp8late by a factor L = 2 and then decimate by a factor of M = 3.
Since this implies a net decrease in sampling rate, and the original signal was sampled
at the Nyquist rate, we must incorporate additionallowpass filtering in order to avoid
aliasing.

Figure 4.29(c) shows the discrete-time Fourier transform of the output of the
L = 2 upsampler. If we were interested only in interpolating by a factor of 2, we
could choose the lowpass filter to have a cutoff frequency of We = TC/2 and a gain

.; of L = 2. However, since the output of the filter will be decimated by M = 3, we
must use a cutoff frequency of We = TC/3, but the gain of the filter should still be
2 as in Figure 4.29(d). The Fourier transform Xi(ejW) of the output of the lowpass
filter is shown in Figure 4.29(e). The shaded regions indicate the part of the signal
spectrum that is removed due to the lower cutoff frequency for the interpolation filter.
Finally, Figure 4.29(f) shows the discrete-time Fourier transform of the output of the
downsampler by /vI = 3. Note that the shaded regions show the aliasing that would
have occurred if the cutoff frequency of the interpolation lowpass filter had been TC /2
instead of TC /3.

Example 4.11 Sampling Rate Conversion by
a Noninteger Rational Factor

x[n]

Sampling

period: T

Sec. 4.6

"1...
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Figure 4.29 Illustration of changing the sampling rate by a noninteger factor.
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and from Eq. (4.78),
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(4.98)

(4.99)

Figure 4.30 Two equivalent systems
based on downsampling identities,

I tM ~ \'[n]

M-l

Y(ejW) = ~L X(ej(w/M-2ni/M»H(ej(w-2ni».
i=O

.~ tM b1 H(z) ~

(a)
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As we have seen, it is possible to change the sampling rate of a discrete-time signal by a
combination of interpolation and decimation, For example, if we want a new sampling
period of T' = 1.01 T, we can first interpolate by L = 100 using a lowpass filter that cuts
off at We = Jr /101 and then decimate by M = 101. These large intermediate changes in
sampling rate would require large amounts of computation for each output sample if we
implement the filtering in a straightforward manner at the high intermediate sampling
rate that is required. Fortunately, it is possible to greatly reduce the amount of compu
tation required by taking advantage of some basic techniques in the area of multirate
signal processing. Multirate techniques refer in general to utilizing upsampling, down
sampling, compressors, and expanders in a variety of ways to increase the efficiency
of signal-processing systems. Besides their use in sampling rate conversion, they are
exceedingly useful in AID and DIA systems that exploit oversampling and noise shap
ing. Another important class of signal-processing algorithms that relies increasingly on
multirate techniques is filter banks for the analysis andlor processing of signals.

Because of their widespread applicability, there is a large body of results on multi
rate signal processing. In this section, we will focus on two basic results and show how a
combination of these results can greatly improve the efficiency of sampling rate conver
sion. The first result is concerned with the interchange of filtering and downsampling
or upsampling operations. The second is the polyphase decomposition.

4.7.1 Interchange of Filtering and Downsampling/Upsampling

We will first derive two identities that aid in manipulating and understanding the opera
tion of multirate systems. It is straightforward to show that the two systems in Figure 4.30
are equivalent. To see the equivalence, note that in Figure 4.30(b),

Xb(ejW) = H(ejwM)X(ejw), (4.97)

Substituting Eq. (4.97) into Eq. (4.98) gives
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I
I

Since H(ej(w-27Ci») = H(ejW), Eq. (4.99) reduces to

.. 1 M-l
Y(eJW) = H(eJW)- "'"' X(ej(w/M-27Ci/M»)M61=0

= H(ejW)Xa(ejW),

(4.100)

(4.101)

which corresponds to Figure 4.30(a).
A similar identity applies to upsampling. Specifically, using Eq. (4.86) in Sec

tion 4.6.2, it is also straightforward to show the equivalence of the two systems in
Figure 4.31. We have, from Eq. (4.86) and Figure 4.31(a),

Y(ejW) = Xa(ejwL)

= X(ejwL)H(ejwL).

Since, from Eq. (4.86),

Xb(ejW) = X(ejwL),

it follows that Eq. (4.101) is, equivalently,

Y(ejW) = H(ejwL)Xb(ejW),

which corresponds to Figure 4.31(b).
In summary, then, we have shown that the operations of lineaF filtering and down

sampling or upsampling can be interchanged if we modify the linear filter.

~H(Z)~ tL ~
(a)

,
[
L

4.7.2 Polyphase Decompositions
The polyphase decomposition of a sequence is obtained by representing it as a super
position of M subsequences, each consisting of every Mth value of successively delayed
versions of the sequence. When this decomposition is applied to a filter impulse re
sponse, it can lead to efficient implementation structures for linear filters in several
contexts. Specifically, consider an impulse response h[ n] that we decompose into M
subsequences hk[n J as follows:

~ tL biH(zL) ~

(b)
Figure 4.3. Two equivalent systems
based 011 upsampling identities.

hdn] = { h[n + k],
~ 0,

n = integer multiple of !vI,
otherwise. (4.102)
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By successively delaying these subsequences, we can reconstruct the original impulse
response h[n]; i.e.,

Figure 4.33 Polyphase decomposition
of filter h[n] using components ekfn]

with chained delays.

h[n]

h[n + 2]

h[n + 1]

h[n+M-1]

Figure 4.32 Polyphase decomposition of filter h[n] using components ek[n].

h[n]

h[n]

M-l

h[n] = ~ hk[n - k] (4.103)
k=O

This decomposition can be represented with the block diagram in Figure 4.32. If we
create a chain of advance elements at the input and a chain of delay elements at the
output, the block diagram in Figure 4.33 is equivalent to that of Figure 4.32. In the
decomposition in Figures 4.32 and 4.33, the sequences ek[n] are

ek[n] = h[nM +k] = hk[nM] (4.104)

and are referred to in general as the polyphase components of h[n]. There are several

h[n]



M-l

H(z) = L Ek(ZM)Z-k. (4.105)
k=O

Equation (4.105) expresses the system function H(z) as a sum of delayed polyphase
component filters. For example, from Eq. (4.105), we obtain the filter structure shown
in Figure 4.34.

I
,I!

Chap. 4

(4.106)

(4.107)

Figure 4.34 Realization structure
based on polyphase decomposition of
h[n].

Figure 4.35 Decimation system.

Sampling of Continuous-Time Signals

M-l

H(z) = L Ek(ZM)Z-k.
k=O

ek[n] = h[nM + k].

~ __H_(Z_)_~_+ I_H_llV [n] = y[m~!)
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x[n]

other ways to derive the polyphase components, and there are other ways to index
them for notational convenience (Vaidyanathan, 1993), but the definition in Eq. (4.104)
is adequate for our purpose in this section.

Figures 4.32 and 4.33 are not realizations of the filter, but they show how the filter
can be decomposed into M parallel filters. We see this by noting that Figures 4.32 and
4.33 show that, in the frequency or z-transform domain, the polyphase representation
corresponds to expressing H(z) as

4.7.3 Polyphase Implementation of Decimation Filters

One of the important applications of the polyphase decomposition is in the implemen
tation of filters whose output is then downsampled as indicated in Figure 4.35.

In the most straightforward implementation of Figure 4.35, the filter computes
an output sample at each value of n, but then only one of every M output points
is retained. Intuitively, we might expect that it should be possible to obtain a more
efficient implementation which does not compute the samples that are thrown away.

To obtain a more efficient implementation, we can exploit a polyphase decomposi
tion of the filter. Specifically, suppose we express h[ n] in polyphase form with polyphase
components

From Eq. (4.105),

.~
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x[n]

With this decomposition and the fact that downsampling commutes with addition,
Figure 4.35 can be redrawn as shown in Figure 4.36.Applying the identity in Figure 4.30
to the system in Figure 4.36, we see that the latter then becomes the system shown in
Figure 4.37.

To illustrate the advantage of Figure 4.37 compared with Figure 4.35, suppose
that the input x[n] is clocked at a rate of 1 sample per unit time and that H(z) is an
N-point FIR filter. In the straightforward implementation of Figure 4.35, we require
N multiplications and (N - 1) additions per unit time. In the system of Figure 4.37,
each of the filters Ek(Z) is of length Nj M, and their inputs are clocked at a rate of
1 per M units of time. Consequently, each filter requires k(~)multiplications per unit

time and k(~- 1) additions per unit time, and the entire system then requires (Nj M)
multiplications and (~ - 1) + (M - 1) additions per unit time. Thus, we can achieve a
significant savings for some values of M and N.

I~!
x[n]

Figure 4.36 Implementation of
decimation filter using polyphase
decomposition.

Figure 4.37 Implementation of
decimation filter after applying the
downsampling identity to the polyphase
decomposition.

4.7.4 Polyphase Implementation of Interpolation Filters

A savings similar to that just discussed for decimation can be achieved by applying
the polyphase decomposition to systems in which a filter is preceded by an upsampler
as shown in Figure 4.38. Since only every Lth sample of w[n] is nonzero, the most
straightforward implementation of Figure 4.38 would involve applying filter coefficients
to sequence values that are known to be zero. Intuitively. here again we would expect
that a more efficient implementation was possible.

~...,
,
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Figure 4.38 Interpolation system.

y[n]

Figure 4.40 Implementation of
interpolation filter after applying the
upsampling identity to the polyphase
decomposition.

y[n]

Sampling of Continuous-Time Signals

4 .
z Figure 4.39 Implementation of

interpolation filter using polyphase
decomposition.

To implement the system in Figure 4.38 more efficiently, we again utilize the
polyphase decomposition of H(z). For example, we can express H(z) as in the form of
Eq. (4.107) and represent Figure 4.38 as shown in Figure 4.39. Applying the identity in
Figure 4.31, we can rearrange Figure 4.39 as shown in Figure 4.40.

To illustrate the advantage of Figure 4.40 compared with Figure 4.38, we note
that in Figure 4.38 if x[n] is clocked at a rate of 1 sample per unit time, then w[n] is
clocked at a rate of L samples per unit time. If H( z) is an FIR filter of length N, we then
require NL multiplications and (NL - 1) additions per unit time. Figure 4.40, on the
other hand, requires L(N/ L) multiplications and L (!f. -1) additions per unit time for
the set of polyphase filters, plus (L - 1) additions, to obtain y[ n]. Thus, we again have
the possibility of significant savings in computation for some values of Land N.

For both decimation and interpolation, gains in computational efficiency result
from rearranging the operations so that the filtering is done at the low sampling rate.
Combinations of interpolation and decimation systems for noninteger rate changes lead
to significant savings when high intermediate rates are required.

184

x[n]

x[n]



185Digital Processing of Analog SignalsSec. 4.8

I.•------------------------,~~ '1-

~[' if,. ~

"" :~o_

4.8 DIGITAL PROCESSING OF ANALOG SIGNALS

f
r[
f

f

J~-.•.......: :.

~:!lr:_ ..~;:..

So far, our discussions of the representation of continuous-time signals by discrete-time
signals have focused on idealized models of periodic sampling and bandlimited interpo
lation. We have formalized those discussions in terms of an idealized sampling system
that we have called the ideal continuous-to-discrete (C/D) converter and an idealized
bandlimited interpolator system called the ideal discrete-to-continuous (D/C) converter.
These idealized conversion systems allow us to concentrate on the essential mathemati
cal details of the relationship between a bandlimited signal and its samples. For example,
in Section 4.4 we used the idealized C/D and D/C conversion systems to show that linear
time-invariant discrete-time systems can be used in the configuration of Figure 4.41 (a)
to implement linear time-invariant continuous-time systems if the input is bandlimited
and the sampling rate exceeds the Nyquist rate. In a practical setting, continuous-time
signals are not precisely bandlimited, ideal filters cannot be realized, and the ideal C/D
and D/C converters can only be approximated by devices that are called analog-to
digital (AID) and digital-to-analog (D/A) converters, respectively. The block diagram
of Figure 4.41(b) shows a more realistic model for digital processing of continuous-time
(analog) signals. In this section we will examine some of the considerations introduced
by each of the components of the system in Figure 4.41(b).

4.8.1 Prefiltering to Avoid Aliasing
In processing analog signals using discrete-time systems, it is generally desirable to
minimize the sampling rate. This is because the amount of arithmetic processing required
to implement the system is proportional to the number of samples to be processed.
If the input is not bandlimited or if the Nyquist frequency of the input is too high,
prefiltering may be necessary. An example of such a situation occurs in processing speech
signals, where often only the low-frequency band up to about 3-4 kHz is required for
intelligibility, even though the speech signal may have significant frequency content in
the 4 kHz to 20 kHz range. Also, even if the signal is naturally bandlimited, wideband

f

IC/D
~ Discrete-timexc(t)

Die

I

~;

•
x[n] system ~

Yr(t)

r

,

l~

T
·i:.:.

T (a)

Anti- Compensated
aliasing

reconstruction

xc(t)
I filter filterI Yr(t)

~.

HaaUD)
HrUD)

~

TT T

(b)

Figure 4.41 (a) Discrete-time filtering of continuous-time signals. (b) Digital processing of
anaiog signals.
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Die
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(4.108)

(4.109)

I

HaaUn) I I Figure 4.42 Use of prefiltering to
T T avoid aliasing.

additive noise may fill in the higher frequency range, and as a result of sampling, these
noise components would be aliased into the low-frequency band. If we wish to avoid
aliasing, the input signal must be forced to be bandlimited to frequencies below one-half
the desired sampling rate. This can be accomplished by lowpass filtering the continuous
time signal prior to C/D conversion, as shown in Figure 4.42. In this context, the lowpass
filter that precedes the C/D converter is called an antialiasingfilter. Ideally, the frequency
response of the anti aliasing filter would be

Haa(jQ) = {1, IQI < Qc < niT,0, IQI > Qc.

From the discussion of Section 4.4.1, it follows that the overall system, from the output
of the antialiasing filter xa(t) to the output Yr(t), will always behave as a linear time
invariant system, since the input to the C/D converter, x a (t), is forced by the antialiasing
filter to be bandlimited to frequencies below niT radians/so Thus the overall effective
frequency response of Figure 4.42 will be the product of Haa(jQ) and the effective
frequency response from xa(t) to Yr(t). Combining Eqs. (4.108) and (4.38) gives

{ ·QT)
Heff(jQ) = H(el , IQI < Qc,

0, IQI > Qc.

Thus, for an ideallowpass anti aliasing filter, the system of Figure 4.42 behaves as a
linear time-invariant system with frequency response given by Eq. (4.109), even when
Xc(jQ) is not bandlimited. In practice, the frequency response Haa(jQ) cannot be
ideally bandlimited, but Haa(jQ) can be made small for IQI > niT so that aliasing
is minimized. In this case, the overall frequency response of the system in Figure 4.42
should be approximately

(4.110)

To achieve a negligibly small frequency response above niT, it would be necessary
for Haa(jQ) to begin to "roll off," i.e., begin to introduce attenuation, at frequencies
below niT, Equation (4.110) suggests that the roll-off of the antialiasing filter (and
other linear time-invariant distortions to be discussed later) could be at least partially
compensated for by taking them into account in the design of the discrete-time system.
This is illustrated in Problem 4.56.

The preceding discussion requires sharp-cutoff antialiasing filters. Such sharp
cutoff analog filters can be realized using active networks and integrated circuits. How
ever, in applications involving powerful, but inexpensive, digital processors, these
continuous-time filters may account for a major part of the cost of a system for discrete
time processing of analog signals. Sharp-cutoff filters are difficult and expensive to im
plement, and if the system is to operate with a variable sampling rate, adjustable filters
would be required. Furthermore, sharp-cutoff analog filters generally ha\"e a highly non
linear phase response. particularly at the passband edge. Thus, it is desirable for several
reasons to eliminate the continuous-time tilters or simplify the requirements on them.
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Figure 4.43 Using oversampled AID conversion to simplify a continuous-time
antialiasing filter.

One approach is depicted in Figure 4.43. With QN denoting the highest frequency
component to eventually be retained after the anti aliasing filtering is completed, we
first apply a very simple antialiasing filter that has a gradual cutoff with significant
attenuation at MQN. Next, implement the C/D conversion at a sampling rate much
higher than 2QN, e.g., at 2MQN. After that, sampling rate reduction by a factor of M
that includes sharp anti aliasing filtering is implemented in the discrete-time domain.
Subsequent discrete-time processing can then be done at the low sampling rate to
minimize computation.

This use of oversampling followed by sampling rate conversion is illustrated in
Figure 4.44. Figure 4.44(a) shows the Fourier transform of a signal that occupies the
band IQI < QN, plus the Fourier transform of what might correspond to high-frequency
"noise" or unwanted components that we eventually want to eliminate with the antialias
ing filter. Also shown (dotted line) is the frequency response of an'antialiasing filter that
does not cut off sharply, but gradually falls to zero at frequencies above a frequency
Qc. Figure 4.44(b) shows the Fourier transform of the output of this filter. If the signal
x a(t) is sampled with period T such that (2Jr / T - Qc) > QN, then the discrete-time
Fourier transform ofthe sequence x[nJ will be as shown in Figure 4.44(c). Note that the
"noise" will be aliased, but aliasing will not affect the signal band Iwl < WN = QNT.

N ow, if T and T' are chosen so that T = MT and Jr/ T = QN, then S:[n J can be filtered
by a sharp-cutoff discrete-time filter (shown idealized in Figure 4.44( c» with unity gain
and cutoff frequency Jr/ lv!. The output of the discrete-time filter can be downsampled
by M to obtain the sampled sequence xd[nJ whose Fourier transform is shown in Fig
ure 4.44( d). Thus, all the sharp-cutoff filtering has been done by a discrete-time system,
and only nominal continuous-time filtering is required. Since discrete-time FIR filters
can have an exactly linear phase, it is possible using this overs amp ling approach to im
plement anti aliasing filtering with virtually no phase distortion. This can be a significant
advantage in situations where it is critical to preserve not only the frequency spectrum,
but the waveshape as well.

4.8.2 Analog-to-Digital IA/D} Conversion

An ideal C/D converter converts a continuous-time signal into a discrete-time signal,
where each samp'le is known with infinite precision. As an approximation to this for
di'gital signal processing, the system of Figure 4.45 converts a continuous-time (analog)
signal into a digital signal, i.e., a sequence of finite-precision or quantized samples.
The two systems in Figure 4.45 are available as physical devices. The AID converter
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Figure 4.44 Use of oversampling followed by decimation in CIO conversion.

Sample
and
hold xo(t)

A/D
converter

is a physical device that converts a voltage or current amplitude at its input into a
binary code representing a quantized amplitude value closest to the amplitude of the
input. Under the control of an external clock, the AID converter can be caused to
start and complete an AID conversion every T seconds. However, the conversion is not
instantaneous, and for this reason, a high-performance AID system typically includes
a sample-and-hold, as in Figure 4.45. The ideal sample-and-hold system is the system
whose output is

T T
Figure 4.45 Physical configuration for
analog-to-digital conversion.

00

xo(t) = L x[nJho(t - nT). (4.111)
n=-oo
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set) = ~ o(t - nT)

Zero-order
hold
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Sample and hold
------------------~
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(a)

(b)

Figure 4.46 (a) Representation of an
ideal sample-and-hold.
(b) Representative input and output
signals for the sample-and-hold.
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(4.113)

00

Xo(t) = ho(t) * L xa(nT)8(t - nT),

where x[n] = xa(nT) are the ideal samples of xa(t) and ho(t),is the impulse response
of the zero-order-hold system, i.e.,

h () {I, 0 < t < T,o t = 0, otherwise.

If we note that Eq. (4.111) has the equivalent form
~
r
J

n=-x

we see that the ideal sample-and-hold is equivalent to impulse train modulation followed
by linear filtering with the zero-order-hold system, as depicted in Figure 4.46(a). The
relationship between the Fourier transform of xo(t) and the Fourier transform of xa(t)

can be worked out following the style of analysis of Section 4.2, and we will do a similar
analysis when we discuss the DI A converter. However, the analysis is unnecessary at
this point, since everything we need to know about the behavior of the system can be
seen from the time-domain expression. Specifically, the output of the zero-order hold
is a staircase waveform where the sample values are held constant during the sampling
period of T seconds. This is illustrated in Figure 4.46(b). Physical sample-and-hold
circuits are designed to sample Xa (t) as nearly instantaneously as possible and to hold the
sample value as nearly constant as possible until the next sample is taken. The purpose of
this is to provide the constant input voltage (or current) required by the AID converter.
The details of the wide variety of AID conversion processes and the details of sample
and-hold and AID circuit implementations are outside the scope of this book. Many
practical issues arise in obtaining a sample-and-hold that samples quickly and holds the
sample value constant with no decay or "glitches." Likewise, many practical concerns

f ~'l

f
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dictate the speed and accuracy of conversion of AID converter circuits. Such questions
are considered in Hnatek (1988) and Schmid (1976), and details of the performance
of specific products are available in manufacturers' specification and data sheets. Our
concern in this section is the analysis of the quantization effects in AID conversion.

Since the purpose of the sample-and-hold in Figure 4.45 is to implement ideal sam
pling and to hold the sample value for quantization by the AID converter, we can repre
sent the system of Figure 4.45 by the system of Figure 4.47, where the ideal C/D converter
represents the sampling performed by the sample-and-hold and, as we will describe later,
the quantizer and coder together represent the operation of the AID converter.

The quantizer is a nonlinear system whose purpose is to transform the input sample
x [n J into one of a finite set of prescribed values. We represent this operation as

x[nJ = Q(x[nJ) (4.114)

and refer to x[ nJ as the quantized sample. Quantizers can be defined with either uniform
ly or nonuniformly spaced quantization levels; however, when numerical calculations

are to be done on the samples, the quantization steps usually are uniform. Figure 4.48

T

x= Q(x)

Figure 4.47 Conceptual representation
of the system in Figure 4.45.

~

3LJ.

Figure 4.48 Typical quantizer for AID conversion.
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shows a typical uniform quantizer characteristic1 in which the sample values are rounded
to the nearest quantization level.

Several features of Figure 4.48 should be emphasized. First, note that this quan
tizer would be appropriate for a signal whose samples are both positive and negative
(bipolar). If it is known that the input samples are always positive (or negative), then
a different distribution of the quantization levels would be appropriate. Next, observe
that the quantizer of Figure 4.48 has an even number of quantization levels. With an
even number of levels, it is not possible to have a quantization level at zero amplitude
and also have an equal number of positive and negative quantization levels. Generally,
the number of quantization levels will be a power of 2, but the number will be much
greater than eight, so this difference is usually inconsequential.

Figure 4.48 also depicts coding of the quantization levels. Since there are eight
quantization levels, we can label them by a binary code of 3 bits. (In general, 2B+llevels
can be coded with a (B + 1)-bit binary code.) In principle, any assignment of symbols
can be used, and many binary coding schemes exist, each with its own advantages and
disadvantages, depending on the application. For example, the right-hand column of
binary numbers in Figure 4.48 illustrates the offset binary coding scheme, in which the
binary symbols are assigned in numeric order, starting with the most negative quantiza
tion level. However, in digital signal processing, we generally wish to use a binary code
that permits us to do arithmetic directly with the code words as scaled representations
of the quantized samples.

The left-hand column in Figure 4.48 shows an assignment according to the two's
complement binary number system. This system for representing signed numbers is
used in most computers and microprocessors; thus, it is perhaps the most convenient
labeling of the quantization levels. Note, incidentally, that the offset binary code can be
converted to two's complement code simply by complementing the most significant bit.

In the two's-complement system, the leftmost, or most significant, bit is considered
as the sign bit, and we take the remaining bits as representing either binary integers
or fractions. We will assume the latter; i.e., we assume a binary fraction point between
the two most significant bits. Then, for the two's-complement interpretation, the binary
symbols have the following meaning for B = 2:

I
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Binary symbol

0011
0010
0001
0000
1011
1010
1001
1000

Numeric value, Xs

3/4

1/2

1/4
o

-1/4
-1/2
-3/4
-1

191

,.

C'

'.

I;

l

In general, if we have a (B + 1)-bit binary two's-complement fraction of the form
GOoGlaZ··· GB,

then its value is

ISuch quantizers are also called linear quantizers because of the linear progression of quantization
steps.

f ;
fo'~:1,
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Note that the symbol <> denotes the "binary point" of the number. The relationship
between the code words and the quantized signal levels depends on the parameter
Xm in Figure 4.48. In general, this parameter is called the full-scale level of the AID
converter. Typical values are 10,5, or 1 volt. From Figure 4.48, we see that the step size
of the quantizer would in general be

2Xm Xm

/:;"= 2B+1 = 2B . (4.115)

The smallest quantization levels (±/:;,,) correspond to the least significant bit of the
binary code word. Furthermore, the numeric relationship between the code words and
the quantized samples is

x[n] = XmxB[n], (4.116)

since we have assumed thatxB[n] is a binary number such that -1 :::xB[n] < 1(for two's
complement). In this scheme the binary coded samples xB[n] are directly proportional
to the quantized samples (in two's complement binary), and therefore, they can be used
as a numeric representation of the amplitude of the samples. Indeed, it is generally
appropriate to assume that the input signal is normalized, so that the numeric values of
x[n] and xB[n] are identical and there is no need to distinguish between the quantized
samples and the binary coded samples.

Figure 4.49 shows a simple example of quantization and coding of the samples of
a sine wave using a 3-bit quantizer. The unquantized samples x[n] are illustrated with

5T

011

4T

all

3T

110

Original
signal

2T

100

T

000

o Quantized samples

• Unquantized samples

-- Output of ideal sample and hold

- - - Output of D/A converter
311

211

Q)

11

'0 .~a..

a
E ~

-11

-211
-311-411

a

~B(nJ: all

I.i

Figure 4.49 Sampling, quantization, coding, and D/A conversion with a 3-bit quantizer.
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For example, for the 3-bit quantizer of Figure 4.48, if .6./2 < x[n] S 3.6./2, thenx[n] = .6.,
and it follows that

In the general case of a (B + 1)-bit quantizer with .6.given by Eq. (4.115), the quanti
zation error satisfies Eq. (4.118) whenever

4.8.3 Analysis of Quantization Errors

From Figures 4.48 and 4.49, we see that the quantized sample x[n] will generally be dif
ferent from the true sample value x[n]. The difference between them is the quantization
error, defined as

(4.117)

(4.118)

(4.119)

e[n] = x[n] - x[n].

-.6./2 < e[n] S .6./2.

In the case of Figure 4.48, Eq. (4.118) holds whenever

-9.6./2 < x[n] S 7!:i/2.

solid dots, and the quantized samples x[n] are illustrated with open circles. Also shown
is the output of an ideal sample-and-hold. The dotted lines labeled "output of DIA
converter" will be discussed later. Figure 4.49 shows, in addition, the 3-bit code words
that represent each sample. Note that, since the analog input xa(t) exceeds the full-scale
value of the quantizer, some of the positive samples are "clipped."

Although much of the preceding discussion pertains to two's-complement cod
ing of the quantization levels, the basic principles of quantization and coding in AID
conversion are the same regardless of the binary code used to represent the samples.
A more detailed discussion of the binary arithmetic systems used in digital computing
can be found in texts on computer arithmetic. (See, for example, Knuth, 1997.) We now
turn to an analysis of the effects of quantization. Since this analysis does not depend on
the assignment of binary code words, it will lead to rather general conclusions.

(-Xm - !:i/2) < x[n] S (Xm - !:i/2). (4.120)

If x[n] is outside this range, as it is for the sample at [ = 0 in Figure 4.49, then the
quantization error is larger in magnitude than .6./2, and such samples are said to be
clipped.

A simplified, but useful, model of the quantizer is depicted in Figure 4.50. In this
model, the quantization error samples are thought of as an additive noise signal. The
model is exactly equivalent to the quantizer if we know e[n]. In most cases, however,

x[n]

x[n]

ern]

x[n] = Q(x [nl)

.trn] = x[n] + ern]

Figure 4.50 Additive noise model for
quantizer.



ern] is not known, and a statistical model based on Figure 4.50 is then often useful in
representing the effects of quantization. We will also use such a model in Chapters 6 and
9 to describe the effects of quantization in signal-processing algorithms. The statistical
representation of quantization errors is based on the following assumptions:

I
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1. The error sequence ern] is a sample sequence of a stationary random process.

2. The error sequence is uncorrelated with the sequence x[n].

3. The random variables of the error process are uncorrelated; i.e., the error is a
white-noise process.

4. The probability distribution of the error process is uniform over the range of
quantization error.

As we will see, the preceding assumptions lead to a rather simple analysis of quan
tization effects. It is easy to find situations where these assumptions are not valid. For
example, if xa(t) is a step function, the assumptions would not be justified. However,
when the signal is a complicated signal, such as speech or music, where the signal fluc
tuates rapidly in a somewhat unpredictable manner, the assumptions are more realistic.
Experiments have shown that, as the signal becomes more complicated, the measured
correlation between the signal and the quantization error decreases, and the error also
becomes uncorrelated. (See Bennett, 1948; Widrow, 1956, 1961.) In a heuristic sense,
the assumptions of the statistical model appear to be valid if the signal is sufficiently
complex and the quantization steps are sufficiently small so that the amplitude of the
signal is likely to traverse many quantization steps from sample to sample.

Example 4.12 Quantization Error For a
Sinusoidal Signal

As an illustration, Figure 4.51(a) shows the sequence of unquantized samples of the
cosine signal x[n] = O.99cos(n/1O). Figure 4.51(b) shows the quantized sample se
quence x[n] = Q{x[n]} for a 3-bit quantizer (B + 1 = 3). assuming that Xm = 1. The
dashed lines in this figure show the eight possible quantization levels. Figures 4.51(c)
and 4.51(d) show the quantization error e[n] = x[n]- x[nJ for 3-bit and 8-bit quanti
zation, respectively. In each case, the scale of the quantization error is adjusted so that
the range ±!'!,./2 is indicated by the dashed lines.

Notice that in the 3-bit case, the error signal is highly correlated with the un
quantized signal. For example, around the positive and negative peaks of the cosine,
the quantized signal remains constant over many consecutive samples, so that the er
ror has the shape of the input sequence during these intervals. Also, note that during
the intervals around the positive peaks, the error is greater than !'!,./2 in magnitude
because the signal level is too large for this setting of the quantizer parameters.

On the other hand, the quantization error for 8-bit quantization has no apparent
patterns.2 Visual inspection of these figures tends to confirm the preceding assertions
about the quantization-noise properties in the finely quantized (8-bit) case; i.e., the
error samples appear to vary randomly. with no correlation with the unquantized signal,

CFor periodic cosine signals. the quantization error would. of course. be periodic. too. \Ve used the
frequency (vo = 1110 to avoid this case in the example.
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(d)

Figure 4.51 Example of quantization noise. (a) Unquantized samples of the signal
x[n] = 0.99 cos(nj1 0). (b) Quantized samples of the cosine waveform in part
(a) with a 3-bit quantizer. (c) Quantization error sequence for 3-bit quantization of
the signal in (a). (d) Quantization error sequence for 8-bit quantization of the
signal in (a).

I
I
L.

and they range between -.6./2 and +.6./2. In Chapter 10 this will be demonstrated more
quantitatively when we calculate the power density spectrum and autocorrelation of
a quantization-noise sequence.

: .

For quantizers that round the sample value to the nearest quantization level, as
shown in Figure 4.48, the amplitude of the quantization noise is in the range

For small !J., it is reasonable to assume that e[n] is a random variable uniformly dis
tributed from -!J.j2 to !J.j2.Therefore, the tint-order probability density for the quan
tization noise is as shown in Figure 4.52. (If truncation rather than rounding is used
in implementing quantization, then the error would always be negative, and we would
assume it uniform probability density from -!J. to 0.) To complete the statistical model
for the quantization noise, we assume that successive noise samples are uncorrelated
with each other and that e[n] is uncorrelated with x[n]. TI1US. e[n] is assumed to be
a uniformly distributed white-noise sequence. The mean value of e[n] is zero. and its

\
-!J.j2 < ern] ~ !J.j2. (4.121)

PI 'I
1....- .•

f jd
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(4.123)

(4.122)

(4.124)

Figure 4.52 Probability density
function of quantization error for a
rounding quantizer such as that of
Figure 4.48.

e

Sampling of Continuous-Time Signals

1
/1

/1

2

vanance IS

11"./2 1 /12
a-; = e2-de = -.
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For a (B + l)-bit quantizer with full-scale value Xm, the noise variance, or power, is

(a2) (12' 22B(J"2)SNR = 1010gl0 :; = 1010glo XJ; x

= 6.02B + 10.8 - 20logl0 ( ~: ) .

From Eq. (4.124), we see that the signal-to-noise ratio increases approximately 6 dB for
each bit added to the word length of the quantized samples, i.e., for each doubling of
the number of quantization levels. It is particularly instructive to consider the term

196

2-2BX2
a2 = m

e 12

A common measure of the amount of degradation of a signal by additive noise is the
signal-to-noise ratio, defined as the ratio of signal variance (power) to noise variance.
Expressed in decibels (dB), the signal-to-noise ratio of a (B + l)-bit quantizer is

-- -----_._--------~---------------------

.~~~..;

(4.125)
-201ogl0 ( ~~ )

in Eq. (4.124). First recall that Xm is a parameter of the quantizer, and it would usually
be fixed in a practical system. The quantity ax is the rms value of the signal amplitude,
and it would necessarily be less than the peak amplitude of the signal. For example, if
xa(t) is a sine wave of peak amplitude Xp, then ax = Xp/..J2. If ax is too large, the peak
signal amplitude will exceed the full-scale amplitude Xm of the AID converter. In this
case Eq. (4.124) is no longer valid, and severe distortion results. If, on the other hand,
(J"X is too small, then the term in Eq. (4.125) will become large and negative, thereby
decreasing the signal-to-noise ratio in Eq. (4.124). In fact, it is easily seen that when (J"x

is halved, SNR decreases by 6 dB. Thus, it is very important that the signal amplitude
be carefully matched to the full-scale amplitude of the AID converter.

For analog signals such as speech or music, the distribution of amplitudes tends
to be concentrated about zero and falls off rapidly with increasing amplitude. In such
cases, the probability that the magnitude of a sample will exceed three odour times the
rms value is very low. For example, if the signal amplitude has a Gaussian distribution,
only 0.064 percent of the samples would have an amplitude greater than 4ax. Thus, to

1_- _

.~~
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(4.128)

(4_129)

(4.126)

(4.127)

Figure 4.53 (a) Block diagram of OfA
converter (b) Representation in terms of
a zero-order hold_

SNR ~ 6B - 1.25 dB.

(a)

(b)

Digital Processing of Analog Signals

where X(ejW) is the discrete-time Fourier transform of the sequence of samples and
X,(jD.) is the Fourier transform ofthe reconstructed continuous-time signal. The ideal
reconstruction filter is

H CD.) = {T, ID.I < niT,, ] 0, ID.I> niT.

For this choice of H,(jD.), the corresponding relation between x,(t) and x[n] is

4.8.4 DIA Conversion

Sec. 4.8

In Section 4.3, we discussed how a bandlimited signal can be reconstructed from a
sequence of samples using ideallowpass filtering. In terms of Fourier transforms, the
reconstruction is represented as

For example, obtaining a signal-to-noise ratio of about 90-96 dB for use in high-quality
music recording and playback requires 16-bit quantization, but it should be remembered
that such performance is obtained only if the input signal is carefully matched to the
full-scale range of the AID converter.

This trade-off between peak signal amplitude and absolute size of the quantization
noise is fundamental to any quantization process. We will see its importance again in
Chapter 6 when we discuss round-off noise in implementing discrete-time linear systems.

x,(t) = f x[n]_si_n[_n_(t_-_n_T_)_I_T_]_
l!=-OO n(t - nT)1 T

The system that takes the sequence x[n] as input and produces x,(t) as output is called
the ideal Die converter. A physically realizable counterpart to the ideal DIC converter
is a digital-to-analog converter (DI A converter) followed by an approximate lowpass
filter. As depicted in Figure 4.53(a), a D/ A converter takes a sequence of binary code

avoid clipping the peaks of the signal (as is assumed in oUr statistical model), we might
set the gain of filters and amplifiers preceding the AID converter so that ax = Xm14.
Using this value of ax in Eq. (4.124) gives

I
_;i I

~ ,-~ .•
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words as its input and produces a continuous-time output of the form
00

n=-oo
00

= L x[n)ho(t - nT),
n=-oo

(4.130)

where ho(t) is the impulse response of the zero-order hold given by Eq. (4.112). The
dotted lines in Figure 4.49 show the output of a D/ A converter for the quantized ex
amples of the sine wave. Note that the D/A converter holds the quantized sample for
one sample period in the same way that the sample-and-hold holds the unquantized in
put sample. If we use the additive-noise model to represent the effects of quantization,
Eq. (4.130) becomes

00 00

XDA(t) = L x[n]ho(t - nT) + L e[n)ho(t - nT). (4.131)
n=-oo

To simplify our discussion, we define
00

n=-oo

xo(t) = L x[n)ho(t - nT),
n=-oo

00

eo(t) = L e[n)ho(t - nT),
n=-oo

(4.132)

(4.133)

so that Eq. (4.131) can be written as

XDA(t) = xo(t) + eo(t). (4.134)

The signal component xo(t) is related to the input signal xa(t), since x[n) = xa(nT).

The noise signal eo(t) depends on the quantization-noise samples ern) in the same
way that xo(t) depends on the unquantized signal samples. The Fourier transform of
Eq. (4.132) is

n=-oo

Now, since

it follows that

= C~=x[n]e-jUT") Ho(j0.)

= X(ejQT)HoUQ)·

(4.135)

(4.136)

(4.137)

I L1Lj
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(4.140)

(4.138)

(4.139)

IQI > rriT.

Figure 4.54 (a) Frequency response
of zero-order hold compared with ideal
interpolating filter. (b) Ideal
compensated reconstruction filter for
use with a zero-order-hold output.

IQI < lrlT,

,",":;

Ideal interpolating
filter HrUD)

1T

T

1T

T

IHrUD)1

{ QTI2 ·Q.T/2

Hr(jQ) = sin(QTI2) eJ ,

0,

o

(a)

(b)
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1T

T

1T

T

then the output of the filter will be xa(t) if the input is xo(t). The frequency response of
the zero-order-hold filter is easily shown to be

rr (') 2sin(QTI2) -jrl.T/2noJQ = ----e .

Figure 4.54(a) shows IHo(jQ)1 as given by Eq. (4.139), compared with the magnitude
of the ideal interpolation filter IHr(jQ)1 as given by Eq. (4.128). Both filters have a
gain of T at Q = 0, but the zero-order-hold, although lowpass in nature, does not
cut off sharply at Q = rrI T. Figure 4.54(b) shows the magnitude of the frequency
response of the ideal compensated reconstruction filter to be used following a zero
order-hold reconstruction system such as a D/ A converter. The phase response would
ideally correspond to an advance time shift of TI2 seconds to compensate for the delay
of that amount introduced by the zero-order hold. Since such a time advance cannot be

Therefore, the compensated reconstruction filter is

If Xa (j Q) is bandlimited to frequencies below lr I T, the shifted copies of Xa (j Q) do
not overlap in Eq. (4.137), and if we define a compensated reconstruction filter as

Sec. 4.8

21T

T

Zero-order
hold

IHoUD)1
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T
Figure 4.55 Physical configuration for
digitaHo-analog conversion.

(4.142)

realized in practical real-time approximations to the ideal compensated reconstruction
filter, only the magnitude response would normally be compensated, and often even
this compensation is neglected, since the gain of the zero-order hold drops only to 2/Jr

(or -4 dB) at Q = Jr/ T.
Figure 4.55 shows a D/A converter followed by an ideal compensated recon

struction filter. As can be seen from the preceding discussion, with the ideal compen
sated reconstruction filter following the D IA converter, the reconstructed output sig
nal would be

~()_Loo~[]sin[Jr(t - nT)/T]Xr t - x n -------
Jr(t - nT)/Tn=-oo

(4.141)

~ []sin[Jr(t -nT)/T] ~ []sin[Jr(t -nT)/T]= ~ x n ------- + ~ en -------.
n=-oo Jr(t - nT)/T n=-oo Jr(t - nT)/T

In other words, the output would be

xr(t) = xa(t) + ea(t),

L.-:

where ea(t) would be a bandlimited white-noise signal.
Returning to a consideration of Figure 4.41(b), we are now in a position to un

derstand the behavior of systems for digital processing of analog signals. If we assume
that the output of the antialiasing filter is bandlimited to frequencies below Jr/ T, that
Hr(jQ) is similarly bandlimited, and that the discrete-time system is linear and time
invariant, then the output of the overall system will be of the form

where

i.e., the input quantization noise is changed by the successive stages of discrete- and
continuous-time filtering. From Eq. (4.144), it follows that, under the assumption of
negligible aliasing, the overall effective frequency response from xc(t) to y,([) is

t.• ::!
~-~-;

J
p.

J

I.:

.,

(4.145)

(4.143)

(4.144)

in which Haa(jQ), Ho(jQ), and Hr(jQ) are the frequency responses ofthe antialiasing
filter, the zero-order hold of the D/A converter, and the reconstruction lowpass filter,
respectively. H( ejQT) is the frequency response of the dis.crete-time system. Similarly,
assuming that the quantization noise introduced by the AID converter is white noise
with variance a; = ~2 /12, it can be shown that the power spectrum of the output noise is

( 4.1-+6)
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(4.147)
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ND conversion

,-----------------,

: I I! I :

If the antialiasing filter is ideal, as in Eq. (4.108), and if the compensation of the re
construction filter is ideal, as in Eq. (4.140), then the effective frequency response is
as given in Eq. (4.109). Otherwise Eq. (4.146) provides a reasonable model for the ef
fective response: Note that Eq. (4.146) suggests that compensation for imperfections in
any of the four terms can, in principle, be included in any of the other terms; e.g., the
discrete-time system can include appropriate compensation for the anti aliasing filter or
the zero-order hold or the reconstruction filter or all of these.

In addition to the filtering supplied by Eq. (4.146), Eq. (4.143) reminds us that the
output will also be contaminated by the filtered quantization noise. In Chapter 6 we
will see that noise can be introduced as well in the implementation of the discrete-time
linear system. This internal noise will, in general, be filtered by parts of the discrete
time system implementation, by the zero-order hold of the D/A converter, and by the
reconstruction filter.

Figure 4.56 Oversampled AID conversion with simple quantization and down
sampling.

In Section 4.8.1, we showed that overs amp ling can make it possible to implement sharp
cutoff antialiasing filtering by incorporating digital filtering and decimation. As we
discuss in Section 4.9.1, oversampling and subsequent discrete-time-filtering and down
sampling also permit an increase in the step size l:!. of the quantizer or, equivalently,
a reduction in the number of bits required in the analog-to-digjtal conversion. In Sec
tion 4.9.2 we show how the step size can be reduced even further by using oversampling
together with quantization-noise feedback, and in Section 4.9.3 we show how the over
sampling principle can be applied in D/A conversion.

4.9.1 Oversampled ND Conversion with Direct Quantization

To explore the relation between oversampling and the quantization step size, we con
sider the system in Figure 4.56. To analyze the effect of oversampling in this system, we
consider Xa (t) to be a zero-mean, wide-sense-stationary, random process with power
spectral density denoted by <PXaXa (jD.) and autocorrelation function denoted by ¢xaxa (r).
To simplify our discussion, we assume initially that xa(t) is already bandlimited to D.N,

I.e.,

4.9 OVERSAMPLINGAND NOISE SHAPING IN ND
AND DfA CONVERSION
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e[nJ

B~[nJ- I H~ C/D + - LPF

t X In] xln] H[n] w, = ~/M
T=~

fJ'NM

~
xda[nJ +xde[nJ

and we assume that 2Jr/ T = 2MQN. The constant M, which is assumed to be an integer,
is called the oversampling ratio. Using the additive noise model discussed in detail
in Section 4.8.3, we can replace Figure 4.56 by Figure 4.57. The decimation filter in
Figure 4.57 is an ideallowpass filter with unity gain and cutoff frequency We = Jr/ M.
Because the entire system of Figure 4.57 is linear, its output xd[n) has two components,
one due to the signal input xa(t) and one due to the quantization noise input e[n). We
denote these components by Xda[n) and Xde[n), respectively.

Our goal is to determine the ratio of signal power £{xJa[n)} to quantization-noise
power £{xJe[n)} in the output xd[n) as a function of the quantizer step size .6. and the
oversampling ratio M. Since the system of Figure 4.57 is linear, and since the noise is
assumed to be independent of the signal, we can treat the two sources separately in
computing the respective powers of the signal and noise components at the output.

First we will consider the signal component of the output. We'begin by relating
the power spectral density, autocorrelation function, and signal power of the sampled
signal x[n) to the corresponding functions for the continuous-time analog signal xa(t).

Let <p.u[m) and <pxx(ejW) respectively denote the autocorrelation and power spectral
density of x[n). Then, by definition, <pxx[m) = £{x[n +m)x[n]}, and since x[n] = xa(nT)

and x[n + m) = xa(nT + mT),

Figure 4.57 System of Figure 4.56 with quantizer replaced by linear noise model.

£{x[n + m]x[n]} = £{xa«n + m)T)xa(nT)}.

Therefore,

(4.148)

(4.149)

I

'.
t,

i.e., the autocorrelation function of the sequence of samples is a sampled version of
the autocorrelation function of the corresponding continuous-time signal. In particular,
Egs. (4.148) and (4.149), together with the wide-sense-stationarity assumption, imply
that £{x~(t)}is a constant independent of t. It then follows that

for all nor t. (4.150)

Since the power spectral densities are the Fourier transforms of the autocorrelation
functions, as a consequence of Eq. (4.149),

(4.151)

Assuming that the input is bandlimited as in Eq. (4.147), and assuming oversampling
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(4.152)

(4.154)

(4.153)

(4.155)

w'TrIM 7T

(b)

rrlM < w S rr.

Iwl < rrlM,

(a)

1

Oversampling and Noise Shaping in AID and D/A Conversion

Figure 4.58 Illustration of frequency and amplitude scaling between <I>xaxa Un)
and <I>xx{eiw).

Sec. 4.9

1 jrr/M 1 w
= - - <P . - dw

2 T XaXa (J ]') .Jr -rr/M

Using the fact that nN T = rrIM and making the substitution 0. = wi T in Eq. (4.154)
gIves

For example, if <PXaXaUn) is as depicted in Figure 4.58(a), and if we choose the sampling
rate to be 2rriT = 2M0.N, then <Pxx(ejW) will be as depicted in Figure 4.58(b).

It is instructive to demonstrate that Eq. (4.150) is true by utilizing the power
spectrum. The total power of the original analog signal is given by

1 JQN
[{x;(t)} = - <PXaxa(j0.)d0..

2rr -QN

From Eq. (4.152), the total power of the sampled signal is

by a factor of M so that 2rr IT = 2M0.N, we obtain, by substituting 0. = wi T into
Eq. (4.151)

Thus, the total power of the sampled signal and the total power of the original analog
signal are exactly the same. Since the decimation filter is an ideallowpass filter with
cutoff We = rrIM, the signal x [n] passes unaltered through the filter. Therefore, the
downsampled signal component at the output, Xda[n] = x[nM] = xa(nMT), also has
the same total power. This can be seen from the power spectrum by noting that, since
cpxx(eiw) is bandlimited to Iwl < rrl M,

1 IV/-I

cP, , (ei'O) = _ '\" <P (ei(ev-'2rrk)/ M).\d,'.\:d'~ 1V/, L xx
k=O

= !~ cpxx(eiw/l'v!) Iwl < Jr,
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Using Eq. (4.155), we obtain

2 [ ] _ 1 JTC ( jW)d£{xda n} - 2Jr -TC <PXdaXda e w

_ 1 JTC 1- 2Jr -TC M<Pxx(ejW/M)dw

1 jTC/M= -2 <Pxx(ejW)dw = £{x2[n]},Jr -TC/M

which shows that the power of the signal component stays the same as it traverses the
entire system from the input xa(t) to the corresponding output component Xda[n]. In
terms of the power spectrum, this occurs because, for each scaling of the frequency axis
that results from sampling, we have a counterbalancing inverse scaling of the amplitude,
so that the area under the power spectrum remains the same as we go from <PXaXa(jn)
to <PxxCejW) to <PXdaXda(ejW) by sampling.

Now let us consider the noise component that is generated by quantization.
According to the model in Section 4.8.3, we assume that e[n] is a wide-sense-stationary
white-noise process with zero mean and variance3

[:
!

/).2a2=_
e 12

Consequently, the autocorrelation function and power density spectrum for e[n] are,
respeCtively,

and

Iwl < Jr.

(4.156)

(4.157)

In Figure 4.59, we show the power density spectrum of e[n] and of x[n]. The power
density spectrum of the quantized signal Jq n] is the sum of these, since the signal and
quantization-noise samples are assumed to be independent in our model.

Although we have shown that the power in either x[n] or e[n] does not depend
on M, we note that as the oversampling ratio M increases, less of the quantization
noise spectrum overlaps with the signal spectrum. It is this effect of the oversampling
that lets us improve the signal-to-quantization-noise ratio by sampling-rate reduction.
Specifically, the ideallowpass filter removes the quantization noise in the band Jr/ M <
Iwl .:S Jr, while it leaves the signal component unaltered. The noise power at the output
of the ideallowpass filter is

1 jTC/M a2
£{e2[n]} = - a;dw = ~.

2Jr -TC/M M

Next, the lowpass filtered signal is downsampled, and, as we have seen, the signal power
in the downsamplcd output. remains the same. In Figure 4.60, we show the resulting

3Since the random process has zero mean. the average power and the variance are the same.

.~ .~-'

t
*

IlL
~·l~
j



Ill.

I
11-:

I;'

I>

II
205

(4.158)

Figure 4.59 Power spectral density of
signal and quantization noise with an
oversampling factor of M.

Figure 4.60 Power spectral density of
signal and quantization noise after
downsampling.

7T/M 7T W

7T W

D'NM I <I>xx(ejW)

<I>ee(ejW) = a}

____-L _
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1 1][ aZ a2 ,3.Z
[{XJ } = - --.£dw = --.£ = --. '

e 2rr _][ M M 12M

Thus, the quantization-noise power [{xJe[n]} has been reduced by a factor of M through
the filtering and downsampling, while the signal power has remained the same.

From Eq. (4.158), we see that for a given quantization noise power, there is a
clear trade-off between the oversampling factor M and the quantizer step size,3.. Equa
tion (4.115) states that for a quantizer with (B + 1) bits and maximum input signal level
between plus and minus Xm, the step size is

,3. = Xm/2B,

power density spectrum of both Xda [n] and Xde [n]. Comparing Figures 4.58(b), 4.59, and
4.60, we can see that the area under the power density spectrum for the signal has not
changed, since the frequency axis and amplitude axis scaling have been inverses of each
other. On the other hand, the noise power in the decimated output is the same as at the
output of the lowpass filter; i.e.,

and therefore,

(4.160)

(4.159)

Equation (4.159) shows that for a fixed quantizer, the noise power can be decreased
by increasing the oversampling ratio M. Since the signal power is independent of M,
increasing M will increase the signal-to-quantization-noise ratio. Alternatively, for a
fixed quantization noise power Pde = [{xJe[n]}, the required value for B is

1 1 . 1
B = -2"lOg2 M - 2"log212 - 2"logz Pde + log2 Xm.

From Eq. (4.160), we see that for every doubling of the oversampling ratio iVI, we need
1/2 bit less to achieve a giv.en signal-to-quantization-noise ratio, or, in other words. if
we oversample by a factor M = 4, we need one less bit to achieve a desired accuracy in
representing the signal.
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4.9.2 Oversampled A/D Conversion with Noise Shaping

In the previous section, we showed that oversampling and decimation can improve the
signal-to-quantization-noise ratio. This seems to be a somewhat remarkable result. It
implies that we can, in principle, use very crude quantization in our initial sampling of
the signal, and if the oversampling ratio is high enough, we can still obtain an accurate
representation of the original samples by doing digital computation on the noisy sam
ples. The problem with what we have seen so far is that, to make a significant reduction
in the required number of bits, we need very large oversampling ratios. For example, to
reduce the number of bits from 16 to 12 would require M = 44 = 256. This seems to be
a rather high cost. However, the basic oversampling principle can lead to much higher
gains if we combine it with the concept of noise spectrum shaping by feedback.

As was indicated in Figure 4.59, with direct quantization the power density spec
trum of the quantization noise is constant over the entire frequency band. The basic
concept in noise shaping is to modify the AID conversion procedure so that the power
density spectrum of the quantization noise is no longer uniform, but rather, is shaped
such that most of the noise power is outside the band Iwl < :rr / M. In that way, the subse
quent filtering and downsampling removes more of the quantization-noise power.

The noise-shaping quantizer, generally referred to as a sampled-data Delta-Sigma
modulator, is shown in Figure 4.61. (See Candy and Ternes, 1992 for a collection of papers
on this topic.) Figure 4.61( a) shows a block diagram of how the system is implemented
with integrated circuits. The integrator is a switched-capacitor discrete-time integrator.
The AID converter can be implemented in many ways, but generally, it is a simple
i-bit quantizer or comparator. The D IA converter takes the digital output and converts
it back to an analog pulse that is subtracted from the input signal at the input to the
integrator. This system can be represented by the discrete-time equivalent system shown
in Figure 4.61(b). The switched-capacitor integrator is represented by an accumulator
system, and the delay in the feedback path represents the delay introduced by the DI A
converter.

T

AID

convert~
I

y[n]xa(t)

I

I
DIA converter---(a)

xAn] =

LPF tM
Xde[n] +Xde[n]

Quantizer

we = TrIM

I
I

-I

Z

(b)

Figure 4.61 Oversampled quantizer with noise shaping.



.~

..

i~207

(4.163)

(4.161a)

(4.161b)

(4.16Za)

(4.16Zb)

LPF
We = 'TrIM

y[n]

e[nJ

= a1[Zsin(wjZ)]Z.

y[nJ = x[nJ + e[nJ

HxCz) = 1,

He(z) = (1 - Z-l).

yx[n] = x[n),

e[n] = e[n] - e[n -1].

Oversampling and Noise Shaping in AID and Of A Conversion

T

+

----+-1 C/D ~ +xa(t) I x[nJ ~

Figure 4.52 System of Figure 4.60 from Xa (t) to y[ n] with quantizer replaced by
a linear noise model.

Consequently,

and

Figure 4.53 Equivalent representation of Figure 4.62.

Therefore, the output y[n] can be represented equivalently as y[n] = x[n] + e[n], where
x[n] appears unmodified at the output and the quantization noise e[n] is modified by the
first-difference operator He(z). This is depicted in the block diagram in Figure 4.63. With
the power density spectrum for e[n] given by Eq. (4.157), the power density spectrum
of the quantization noise e[n] that is present in y[n] is

CPee(ejW) = 0-;1 He(ejW)12

Sec. 4.9

As before, we model the quantization error as an additive noise source so that the
system in Figure 4.61 can be replaced by the linear model in Figure 4.6Z. In this system,
the output y[n] is the sum of two components: yx[n] due to the input x[n] alone and e[n]

due to the noise e[n] alone.
We denote the transfer function from x[n] to y[n] as Hx(z) and from e[n] to y[n]

as He(z). These transfer functions can both be calculated in a straightforward manner
and are
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In Figure 4.64, we show the power density spectrum of ern], the power spectrum of ern],
and the same signal power spectrum that was shown in Figure 4.58(b) and Figure 4.59.
It is interesting to observe that the total noise power is increased from E{e2[n]} = o}
at the quantizer to E{e2[n]} = 20-; at the output of the noise-shaping system. However,
note that in comparison with Figure 4.59, the quantization noise has been shaped in
such a way that more of the noise power is outside the signal band Iwl < rr/ M than in
the direct oversampled case, where the noise spectrum is flat.

In the system of Figure 4.61, this out-of-band noise power is removed by the low
pass filter. Specifically, in Figure 4.65 we show the power density spectrum of CPXdoXda (ejW)

superimposed on the power density spectrum of CPXdeXde(ejW). Since the downsampler
does not remove any of the signal power, the signal power in Xda[n] is

Pda = E{xja[n]} = £{x2[n]} = E{x;(t)}.

The quantization-noise power in the final output is

1 j1f . 1 ty.2 j1f W 2Pde = -2 CPXdeXd.( eJW)dw = 212M (2 sin ( M)) dw. (4.164)rr -1f rr -1f 2

To compare this approximately with the results in Section 4.9.1, assume that M is suffi
ciently large so that

. (W) wsm 2M ~ 2M·

1= fl'NM
T 7T

a2

____ Ie

r·"
1·:-:

I

7T

M
o 7T

M
7T

Figure 4.64 The power spectral density of the quantization noise and the signal.

..l_ fl'N
T' 7T

-7T 7T W

Figure 4.65 Power spectral density of the signal and quantization noise after
downsampling.
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From Eq. (4.165), we see again a trade-off between the oversampling ratio M and
the quantizer step size f'1.. For a (B + 1)-bit quantizer and maximum input signal level
between plus and minus Xm, f'1. = Xm/2B. Therefore, to achieve a given quantization
noise power Pde, we must have

With this approximation, Eq. (4.164) is easily evaluated to obtain

1 t:!.2nz

Pde = 36 M3 .
'I.~II~~
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(4.165)

3 1
B = --logz M + logz(n /6) - -logz Pde + logz Xm.2 2 (4.166)

I.••.·.i
Comparing Eq. (4.166) with Eq. (4.160), we see that, whereas with direct quantization
a doubling of the oversampling ratio M gained 1/2 bit in quantization, the use of noise
shaping results in a gain of 1.5 bits.

Table 4.1 gives the equivalent savings in quantizer bits over direct quantization
with no oversampling (M = 1) for (a) direct quantization with oversampling, as dis
cussed in Section 4.9.1, and (b) oversampling with noise shaping, as examined in this
section.

TABLE 4.1 EQUIVALENT SAVINGS IN
QUANTIZER BITS RELATIVE TO M = 1 FOR
DIRECT QUANTIZATION AND FIRST-ORDER
NOISE SHAPING

DirectNoise
M

quantizationshaping

4

1 2.2

8
1.5 3.7

16
2 5.1

32

2.5 6.6
64

3 8.1

The noise-shaping strategy in Figure 4.61 can be extended by incorporating a
second stage of accumulation as shown in Figure 4.66. In this case, with the quantizer
again modeled as an additive noise source e[n], it can be shown that

y[n] = x[n] + e[n]

where, in the two-stage case, e[n] is the result of processing the quantization noise e[n]

Figure 4.66 Oversampled quantizer with second-order noise shaping.

y[nJ

Quantizer
1

1 -1-z

t
T

C/D



through the transfer function

(4.167)

The corresponding power density spectrum of the quantization noise now present in
y[n] is

(4.168)

with the result that, although the total noise power at the output of the two-stage noise
shaping system is greater than for the one-stage case, even more of the noise lies outside
the signal band. More generally, p stages of accumulation and feedback can be used,
with corresponding noise shaping given by

<pee(ejW) = o';[2sin(cv/2)fp. (4.169)

In Table 4.2, we show the equivalent reduction in quantizer bits as a function of the order
p of the noise shaping and the oversampling ratio M. Note that with p = 2 and M = 64,
we obtain almost 13 bits of increase in accuracy, suggesting that a I-bit quantizer could
achieve about 14-bit accuracy at the output of the decimator.

Although multiple feedback loops such as the one shown in Figure 4.66 promise
greatly increased noise reduction, they are not without problems. Specifically, for large
values of p, there is an increased potential for instability and oscillations to occur.
An alternative structure known as multistage noise shaping (MASH) is considered in
Problem 4.62.

4.9.3 Oversampling and Noise Shaping
in 01A Conversion

In Sections 4.9.1 and 4.9.2, we discussed the use of oversampling to simplify the process
of analog-to-digital conversion. As we mentioned, the signal is initially oversampled
to simplify antialias filtering and improve accuracy, but the final output xd[n] of the
AID converter is sampled at the Nyquist rate for xa(t). The minimum sampling rate is,
of course, highly desirable for digital processing or for simply representing the analog
signal in digital form, as in the CD audio recording system. It is natural to apply the
same principles in reverse to achieve improvements in the DI A conversion process.

The basic system. which is the counterpart to Figure 4.56, is shown in Figure 4.67.
The sequence Yd[n], which is to be converted to a continuous-time signal, is first

i.

f
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Figure 4.68 First-order noise-shaping
system for oversampled 01A
quantization.

y[n]

+

.Y[n]

Figure 4.67 Oversampled 01A conversion.

Oversampling and Noise Shaping in AID and D/A Conversion

Sampling rate increase by M1------------------1
I 1

: LPF:
~ Gain=M

Yd[n]: cUtOff=1TIM : y[n]
1 I

L J
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Figure 4.69 System of Figure 4.68
with quantizer replaced by linear noise
model.

y[n]

+

ern]

+
+

+

.Y[n]

upsampled to produce the sequence .Y[n], which is then requantized before sending
it to a D/ A converter that accepts binary samples with the number of bits produced by
the requantization process. We can use a simple D/ A converter with few bits if we can
be assured that the quantization noise does not occupy the signal band. Then the noise
can be removed by inexpensive analog filtering.

In Figure 4.68, we show a structure for the quantizer that shapes the quantization
noise in a similar manner to the first-order noise shaping provided by the system in
Figure 4.61. To analyze the system in Figures 4.67 and 4.68, we replace the quantizer
in Figure 4.68 by an additive white-noise source ern]. so that Figure 4.68 is replaced by
Figure 4.69. The transfer function from .Y[n] to y[n] is unity, i.e. the upsampled signal
y[n] appears at the output unaltered. The transfer function Jlc(z.) from ern] to y[n] is

He(z) = 1- Z-I .
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Therefore, the quantization noise component e[n] that appears at the output of the
noise-shaping system in Figure 4.69 has the power density spectrum

cf>u(ejW) = a-;(2sinwI2)2, (4.170)

where, again, a; = ~2 112.
An illustration of this approach to D/ A conversion is given in Figure 4.70. Fig

ure 4.70(a) shows the power spectrum cf>ym(ejW) of the input Yd[n] in Figure 4.67. Note
that we assume that the signal Yd[n] is sampled at the Nyquist rate. Figure 4.70(b) shows
the corresponding power spectrum at the output of the upsampler (by M), and Fig
ure 4.70( c) shows the quantization noise spectrum at the output of the quantizer/noise
shaper system. Finally, Figure 4.70( d) shows the power spectrum of the signal component

1 c'PYdy/ejW)

1
o

(a)

t.

l.

w

M M

(b)

c'Pee(ejW) = 4a} sin 2 (w/2)

~~
07TW I-"IJ

(c)

I,:
l:

MT

(d)

MT

Figure 4.70 (a) Power spectral density of signal Yd[n]. (b) Power spectral density
of signal Y[n]. (c) Power spectral density of Quantization noise. (d) Power spectral
density of the continuous-time signal and the Quantization noise .

.;
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superimposed on the power spectrum of the noise component at the analog output of
the DIC converter of Figure 4.67. In this case, we assume that the DIC converter has an
ideallowpass reconstruction filter with cutoff frequency Jrj (MT), which will remove as
much of the quantization noise as possible.

In a practical setting, we would like to avoid sharp-cutoff analog reconstruction
filters. From Figure 4.70( d), it is clear that if we can tolerate somewhat more quantization
noise, then the DIC reconstruction filter need not roll off so sharply. Furthermore, if we
use multistage techniques in the noise shaping, we can obtain an output noise spectrum
of the form

<Pee(ejW) = a;(2sinwj2)2P,

which would push more of the noise to higher frequencies. In this case, the analog
reconstruction filter specifications could be relaxed even further.

4.1 0 SUMMARY

In this chapter, we developed and explored the relationship between continuous-time
signals and the discrete-time sequences obtained by periodic sampling. The fundamental
theorem that allows the continuous-time signal to be represented by a sequence of
samples is the Nyquist theorem, which states that, for a bandlimited signal, periodic
samples are a sufficient representation, as long as the sampling rate is sufficiently high
relative to the highest frequency in the continuous-time signal. Under this condition,
the continuous-time signal can be reconstructed from the samples by lowpass filtering,
corresponding to bandlimited interpolation. If the sampling rate is too low relative to
the bandwidth of the signal, then aliasing distortion occurs.

The ability to represent signals by sampling permits the discrete- time processing of
continuous-time signals. This is accomplished by first sampling, then applying discrete
time processing, and, finally, reconstructing a continuous-time signal from the result.
Examples given were lowpass filtering and differentiation.

A particularly important class of processing is the class corresponding to sampling
rate changes. Downsampling a discrete-time signal corresponds in the frequency domain
to a replication of the discrete-time spectrum and resealing of the frequency axis, which
may require additional bandlimiting to avoid aliasing. Upsampling corresponds to ef
fectively increasing the sampling rate and is also represented in the frequency domain
by a resealing of the frequency axis. By combining upsampling and downsampling by
integer amounts, noninteger sampling rate conversion can be achieved. We also showed
how this can be efficiently done using multirate techniques.

In the final sections of the chapter, we explored a number of practical considera
tions associated with the discrete-time processing of continuous-time signals, including
the use of prefiltering to avoid aliasing, quantization error in analog-to-digital conver
sion, and some issues associated with the filtering used in sampling and reconstruct
ing the continuous-time signals. Finally, we showed how discrete-time decimation and
interpolation and noise shaping can be used to simplify the analog side of AID and
D! A con version.
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PROBLEMS

Sampling of Continuous-Time Signals Chap. 4

Basic Problems with Answers

4.1. The signal

xc(t) = sin (2Jr(l00)t)

was sampled with sampling period T = 1/400 second to obtain a discrete-time signal x[n].
What is the resulting signal x[n]?

4.2. The sequence

x[n] = cos (~n) ,
-00 < n < 00,

was obtained by sampling a continuous-time signal

xc(t) = cos (Qat), -00 < t < 00,

at a sampling rate of 1000 samples/so What are two possible positive values of Qo that could
have resulted in the sequence x[n]?

4.3. The continuous-time signal

Xc(t) = cos (4000nt)

is sampled with a sampling period T to obtain a discrete-time signal

(a) Determine a choice for T consistent with this information.

(b) Is your choice for Tin Part (a) unique? If so, explain why. If not, specify another choice
of T consistent with the information given.

4.4. The continuous-time signal

xc(t) = sin (20nt) + cos (40nt)

is sampled with a sampling period T to obtain the discrete-time signal

. (nn) (2nn)x[n] = sm 5 + cos -5- .

(a) Determine a choice for T consistent with this information.

(b) Is your choice for T in Part (a) unique? If so, explain why. If not, specify another choice
of T consistent with the information given.

4.5. Consider the system of Figure 4.11, with the discrete-time system an ideallowpass filter
with cutoff frequency n/8 radians/so

(a) If xc(t) is bandlimited to 5 kHz, what is the maximum value of T that will avoid aliasing
in the C/D converter?

(b) If 1/ T = 10 kHz, what will the cutoff frequency of the effective continuous-time filter
be?

(c) Repeat Part (b) for 1/ T = 20 kHz.

4.6. Let hc(t) denote the impulse response of a linear time-invariant continuous-time tilter and
h,,(nJ the impulse response of a linear time-invariant discrete-time filter.

f
f



I

Figure P4.7-1

(a) Determine the Fourier transform of xe(t) and the Fourier transform of x[nJ in terms of
Se(jQ).

(b) We want to simulate the multipath system with a discrete-time system by choosing
H(ejW) in Figure P4.7-2 so that the output r[n] = xc(nT) when the input is s[nJ =
sc(nT). Determine H(ejW) in terms of T and rd.

(c) Determine the impulse responseh[nJ in Figure P4.7-2 when (i) rd = Tand (ii) rd = Tj2.

215

{ e-at, t 2: 0,he(t) = 0, t < 0,

Problems

(a) If

a

where a is a positive real constant, determine the continuous-time filter frequency
response and sketch its magnitude.

(b) If hJ[n] = The (n T) with he (t) as in part (a), determine the discrete-time filter frequency
response and sketch its magnitude.

(c) For a given value of a, determine, as a function of T, the minimum magnitude of the
discrete-time filter frequency response.

4.7. A simple model of amultipath communication channel is indicated in Figure P4.7-1.Assume
thatsc(t) is bandlimited such that Sc(jQ) = °for IQI 2: njTand thatxc(t) is sampled with
a sampling period T to obtain the sequence

x[n] = xe(nT).

Ghap.4

~
~.a!i,

Figure P4.7-2

4.8. Consider the system in Figure P4.8-1 with the following relations:

Xe(jQ) = 0, IQI 2: 2n x 104,

x[n] = xc(nT),
n

y[nJ = T .L x[k].
k=-oo

y[n]

T
Figure P4.8-1

(a) For this system, what is the maximum allowable value of T if aliasing is to be avoided,
i.e., so that x('(I) can be recovered from x[nJ.

(b) Determine h[nJ.
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(c) In terms of X(elw), what is the value of y[n] for n = oo?
(d) Determine whether there is any value of T for which

Chap. 4

(N.8-1)

If there is such a value for T,determine the maximum value. If there is not, explain and
specify how Twould be chosen so that the equality in Eq. (P4.8-1) is best approximated.

4.9. Consider a stable discrete-time signal x[n] whose discrete-time Fourier transform X(elw)
satisfies the equation

X(elw) = X(ej(w-rr))

and has even symmetry, i.e., x[n] = x[ -n].

(a) Show that X(elw) is periodic with a period rr.
(b) Find the value of x[3]. (Hint: Find values for all odd-indexed points.)
(c) Let y[n) be the decimated version of x[n), i.e., y[n) = x[2n]. Can you reconstruct x[n)

from y[ n) for all n. If yes, how? If no, justify your answer.

4.10. Each of the following continuous-time signals is used as the input xe(t) for an ideal C/D
converter as shown in Figure 4.1 with the sampling period T specified. In each case, find
the resulting discrete-time signal x[n).
(a) xe(t) = cas (2Jr(I000)t) , T = (1/3000) sec
(b) xe(t) = sin (2rr(1000)t), T = (1/1500) sec
(c) xe(t) = sin (2rr(I000)t) / (rrt) , T = (1/5000) sec

4.11. The following continuous-time input signals xe(t) and corresponding discrete-time output
signals x[n) are those of an ideal CfD as shown in Figure 4.1. Specify a choice for the
sampling period T that is consistent with each pair of xe(t) and x[n]. In additiQ.n, indicate
whether your choice of T is unique. If not, specify a second possible choice of T consistent
with the information given.
(a) xe(t) = sin(10rrt), x[n) = sin(rrn/4)
(b) xe(t) = sin(10rrt)/(10rrt), x[n) = sin(rrn/2)/(rrn/2)

4.12. In the system of Figure 4.11, assume that

H(elw) = jw/T, -rr::::: w < rr,

and T = 1/10 sec.
(a) For each of the following inputs xe(t), find the corresponding output Ye(t).

(i) xe(t) = cos(6rrt)

(ii) xe(t) = cos(14rrt)

(b) Are the outputs Ye(t) those you would expect from a differentiator?

4.13. In the system shown in Figure 4.16, he(t) = 8(t - T/2).
(a) Suppose the input x[n) = sin(Jrn/2) and T = 10. Find y[n).

(b) Suppose you use the same x[nJ as in Part (a), but halve T to be 5. Find the resulting
y[nJ.

(c) In general, how does the continuous-time LTI system he(t) limit the range of the sam
pling period T that can be used without changing y[n)?

4.14. Which of the following signals can be downsampled by a factor of 2 using the system in
Figure 4.20 without any loss of information?
(a) x[n] = 8[n - no], for no some unknown integer
(b) x[n] = cos(;rn/4)

(c) x[n] = cos(;rn/4) + cos(3;r1l/4)

~..
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Figure P4.15-1

Figure P4.19-1

Figure P4.18-1

m-7T/3 7T/3 w

o

Problems

x[n]

1

x[n] = [Sin~;/8)]2
Hint: Use the modulation property of the Fourier transform to find X(eiw).

(d) x[n] = sin (nnI3) l(nnI3)
(e) x[n] = (_l)n sin (nnI3) l(nnI3)

4.15. Consider the system shown in Figure P4.1S-1. For each of the following input signals x[n],
indicate whether the output xr[n] = x[n].
(a) x[n] = cos(nnI4)
(b) x[n] = cos(nnI2)
(c)

4.16. Consider the system in Figure 4.28. The input x[ n] and corresponding output xd[n] are given
for a specific choice of MI L in each of the following parts. Determine a choice for MI L
based on the information given, and specify whether your choice is unique.
(a) x[n] = sin (nnI3) l(nnI3), xd[n] = sin (SnnI6) I(SnnI6)
(b) x[n] = cos (3nnI4), xd[n] = cos(nnI2)

4.17. Each of the following parts lists an input signal x[n] and the upsampling and downsampling
rates Land M for the system in Figure 4.28. Determine the corresponding output xd[n].
(a) x[n] = sin(2nnI3)lnn, L = 4, M = 3

(b) x[n] = sin(3nnI4), L = 3, M = 5

4.18. For the system shown in Figure 4.28, X(eiw), the Fourier transform of the input signal
x[n], is shown in Figure P4.18-1. For each of the following choices of Land M, specify the
maximum possible value of (Va such that Xd(eiw) = aX(eiMw/L) for some constant a.

X(eiw)

Ghap.4

(a) M = 3, L= 2
(b) M=S, L=3
(c) M = 2, L= 3

4.19. The continuous-time signal xc(t) with the Fourier transform XcUQ) shown in Fig
ure P4.19-1 is passed through the system shown in Figure P4.19-2. Determine the range
of values for T for which xr(t) = xc(t).

XcUil)

C1i

f~ __
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T T Figure P4.19-2

4.20. Consider the system in Figure 4.11. The input signal xc(t) has the Fourier transform shown
in Figure P4.20-1 with Qo = 2rr(1000) radians/second. The discrete-time system is an ideal
lowpass filter with frequency response

H(ejW) = {I, Iwl < w'c,0, otherwIse.

X(jD)

1

,.

Figure P4.20-1

(a) What is the minimum sampling rate Fs = 1/ T such that no aliasing occurs in sampling
the input?

(b) If Wc = rr/2, what is the minimum sampling rate such that y,(t) = ~c(t)?

Basic Problems

4.21. A complex-valued continuous-time signal xe(t) has the Fourier transform shown in Fig
ure P4.21-1, where (Q2 - Ql) = L'l.Q. This signal is sampled to produce the sequence
x[n] = xe(nT).

o

Figure P4.21-1

(a) Sketch the Fourier transform X(ejW) of the sequence x[n] for T = n/Q2.
(b) What is the lowest sampling frequency that can be used without incurring any aliasing

distortion, i.e., so that xe(t) can be recovered from x[n]?
(c) Draw the block diagram of a system that can be used to recover xe(t) from x[n] if the

sampling rate is greater than or equal to the rate determined in Part (b). Assume that
(complex) ideal filters are available.

4.22. A continuous-time signal XeCI), with Fourier transform Xe UQ) shown in Figure P4.22-1. is
sampled with sampling period T = 2n / Qo to form the sequence x[n] = xcCn T).

,..
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Figure P4.22-1

Figure P4.23-1

Ye(t)

1

Ye(l)

t
t

Tj

Tz

XeUD) 1

-27r X 5 x 1<P

27r x 5 x 1<P

f~-7T

" 7T"'u-- -
2 2 Figure P4.24-1

Problems

(a) Sketch the Fourier transform X(ejW) for Iwl < 7r.
(b) The signalx[n] is to be transmitted across a digital channel. At the receiver, the original

signal Xc (t) must be recovered. Draw a block diagram of the recovery system and specify
its characteristics. Assume that ideal filters are available.

(c) In terms of rlo, for what range of values of T can xe(t) be recovered from x[n]?

4.23. In Figure P4.23-1, assume that Xe(jrl) = 0, Irll ::: nlTl' For the general case in which
Tl =1= T2 in the system, express Ye(t) in terms of xe(t). Is the basic relationship different for
Tl > T2 and Tl < T2?

4.24. In the system of Figure P4.24-1, Xe(jrl) and H(ejW) are as shown. Sketch and label the
Fourier transform of Ye(t) for each of the following cases: '
(a) 11Tl = 11T2 = 104

(b) 1ITl=1IT2=2x104
(c) 11Tl = 2 X 104, 11T2 = 104

(d) 11Tl = 104, 11T2 = 2 X 104

Chap. 4
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4.25. Figure P4.25-1 shows the overall system for filtering a continuous-time signal using a
discrete-time filter. The frequency responses of the reconstruction filter H,(jQ) and the
discrete-time filter H(ejW) are shown in Figure P4.25-2.

CID

I----~~-----------I
I S(t)=L o(t-nT) 1

I n~-~ 1

I 1

I Convert from 1

I impulse train 1

to discrete-time I
xe(t) I xs(t) sequence Ix[n]

I 1

L J

DIC ~

1------------------- :
1 I

1 1

1 I I

1 Idea. II Convert to reconstructIon

impulse filt~r I y,(t)

y[n]: train ysCt) H,Ufl) :
I 1I _L _

Figure P4.25-1

I H,Ufl)5 X 10-5~_I=I-
27T x 104 fl

4 4 Figure P4.25-2

(a) For Xc(jQ) as shown inFigureP4.25-3 and liT = 20 kHz, sketch Xs(jQ) and X(ejW).

1

-27T X 104 27T X 104 flFigure P4.25-3

HeffUfl)
1

-fle

flefl
Figure P4.25-4

For a certain range of values of T, the overall system, with input xcCt) and output Ye (t),

is equivalent to a continuous-time lowpass filter with frequency response Heff(jQ)
sketched in Figure P4.25-4.

(b) Determine the range of values of T for which the information presented in (a) is true
when Xe(jQ) is bandlimited to 10.1 ::: 2n x 104 as shown in Fig. P4.25-3.

(c) For the range of values determined in (b), sketch Qe as a function ofll T.
Note: This is one way of implementing a variable-cutoff continuous-time filter using fixed
continuous-time and discrete-time filters and a variable sampling rate.

4.26. Consider the sequence x[n] whose Fourier transform X(ejW) is shown in Figure P4.26-1.
Define

[1 {X[tl]. tl=Mk. k=O.±l.±2,x, I!J = O. otherwise,

i
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Figure P4.26-1
27f W

Xd[nJ = xs[MnJ = x[MnJ.

Problems

and

(a) Sketch Xs(ejW) and Xd(ejW) for each of the following cases:
(i) M = 3, OJH = nl2

(ii) M = 3, WH = nl4
(b) What is the maximum value of WH that will avoid aliasing when M = 3?

4.29. Consider the systems shown in Figure P4.29-1. Suppose that HI (ejW) is fixed and known.
Find H2(ejW), the frequency response of an LTI system, such that .Y2[nJ = YI[nJ if the inputs
to the systems are the same.

4.27. Using Parseval's theorem, briefly explain why the amplitude of the Fourier transform
changes during downsampling but not during upsampling.

4.28. (a) Is the system in Figure 4.11 linear for a given choice of T ? If so, provide a brief argument
demonstrating that it satisfies linearity. If not, provide a counterexample.

(b) Is the system in Figure 4.11 time invariant for a given choice of T? If so, provide a brief
argument demonstrating that it satisfies time invariance. If not, provide a counterex
ample.

Chap. 4

Advanced Problems

;f·
If

x[n]

(a)

4.30. In the system of Figure 4.11, assume that the discrete-time system is linear and time invariant
and that xc(jn) = 0 for Inl :::4000n. Determine the largest possible value for T and the
corresponding frequency response H(ejW) for the discrete-time system such that

Yc ( 'n) = {lnIXc(jn), lOOOn -:- Inl < 2000n,] 0, otherwIse.

4.31. In the system of Figure 4.11, assume that xc(jn) = 0 for Inl > niT. Determine and plot
the magnitude and phase of the frequency response of the discrete-time LTI system such
that the output Yr (t) is the running integral of the input, i.e.,

Yr(r) = fIx xc(r)dr:.

--) I H2(ejW)x[n] . _

(b)

~
Y2[n]

Figure P4.29-1
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I

4.32. A bandlimited continuous-time signal is known to contain a 60-Hz component, which we
want to remove by processing with the system of Figure 4.11, where T = 10-4.
(a) What is the highest frequency that the continuous-time signal can contain if aliasing is

to be avoided?

(b) The discrete-time system to be used has frequency response

. [1 - e-j(w-wO)][1 - e- j(W+wo)]

H( efW) = -[I---0-.-ge---r--'-"-' -_-_ -.,--,-, .
Sketch the magnitude and phase of H(ejW).

(c) What value should be chosen for wa to eliminate the 60-Hz component?

4.33. Consider the system in Figure 4.11 with xe(jn) = 0 for 10.1 :::: 2rr(I000) and the discrete
time system a squarer, i.e., y[n] = x2[n]. What is the largest value of T such that Ye(t) =
x~(t)?

4.34. For the LTI system in Figure P4.34-1,

H(ejW) = e-jw/2, Iwl ::s rr (half-sample delay).

x[n] ) IH(ejW) I Yln] Figure P4.34-1

(a) Determine a choice for T and he(t) in the system of Figure 4.16 so that the system in
Figure P4.34-1 with H(ejW) as specified is equivalent to the system in Figure 4.16.

(b) Determine and sketch y[n] when the input sequence is

(5rr rr)x[n] = cos Tn - 4" '

as sketched in Figure P4.34-2.

--12 x[n]
2

2 3

o 1

--12

2

4 5 n

Figure P4.34-2

4.35. Consider the system of Figure 4.16 with the continuous-time LTI system causal and char
acterized by the linear constant-coefficient differential equation

d2;;?) + 4 dy;;t) + 3Yc(t) = xe(t).

The overall system is equivalent to a causal discrete-time LTI system. Determine the fre
quency response H(ejW) ofthe equivalent discrete-time system when T = O.ls.

4.36. In Figure P4.36-1, x[n] = xe(nT) and y[n] = x[2n].

(a) Assume that xcCt) has a Fourier transform such that Xc(jQ) = 0, 10.1 > 2rr(lOO). What
value of T is required so that

X(eJ"') = D.
H

2 < Iw! ::s H?

t ~,.J

1 :
I .
L1
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Ye(t)

Figure P4.36-1

Ye(t)

Figure P4.38-2

T'

T

Figure P4.38-1

T

T

Problems

(b) How should T' be chosen so that Ye(t) = xe(t)?

4.37. Suppose that you obtained a sequence S [n] by filtering a speech signalse (t) with a continuous
time lowpass filter with a cutoff frequency of 5 kHz and then sampling the resulting output
at a 10-kHz rate, as shown in Figure P4.37-1. Unfortunately, the speech signal seCt) was
destroyed once the sequence s[n] was stored on magnetic tape. Later, you find that what
you should have done is followed the process shown in Figure P4.37-2. Develop a method to
obtain Sl [n] from S [n] using discrete-time processing. Your method may require a very large
amount of computation, but should not require a CID or D IC converter. If your method
uses a discrete-time filter, you should specify the frequency response of the filter.

Chap. 4

4.38. Consider the system shown in Figure P4.38-1, where

H(ejW) = {I, Iwl < rr/ L,0, rr/L< Iwl Sn:.

Sketch Yc(jQ) if XcCjQ) is as shown in Figure P4.38-2.



4.39. The system shown in Figure P4.39-1 approximately interpolates the sequence x[n] by a
factor L. Suppose that the linear filter has impulse response h[n] such that h[n] = h[-n]
and h[n) = 0 for Inl > (RL - 1), where Rand L are integers; i.e., the impulse response is
symmetric and of length (2RL - 1) samples.

224 Sampling of Continuous-Time Signals Chap. 4

Figure P4.39-1

(a) In answering the following, do not be concerned about the causality of the system; it can
be made causal by including some delay. Specifically, how much delay must be inserted
to make the system causal?

(b) What conditions must be satisfied by h[n] in order that y[n] = x[nl LJ for n = 0, ±L,
±2L, ±3L, ... ?

(c) By exploiting the symmetry of the impulse response, show that each sample of y[n] can
be computed with no more than RL multiplications.

(d) By taking advantage of the fact that multiplications by zero need not be done, show
that only 2R multiplications per output sample are required.

4.40. In the system of Figure P4.40-1,

r:"--:
i

IQI 2: niT,
and

H(elw) = {CIW, Iwl < nl L,0, nIL<lwl:sn.

How is y[n] related to the input signal xc(t)?

T

x[n] =xc(nT)

Figure P4.40-1

4.41. Consider the system shown in Figure P4.41-1. The input to this system is the bandlimited
signal whose Fourier transform is shown in Figure P4.20-1 with Qo = niT. The discrete-time
LTI system in Figure P4.41-1 has the frequency response shown in Figure P4.41-2.

Ideal
t4H(el")
Ideal

xc(t)

CID
x[n) xcfn)ycfn)
DIC

Ye(t)

t
T

Figure P4.41-1

t
T' = T/4

H(el")

4f-

...

...

}7T

4

7T

4
7T

4 4
w

Figure P4.41-2



4.43. Consider the system shown in Figure P4.43-1 for discrete-time processing of the continuous
time input signal ge(t). The input signal ge(t) is of the form ge(t) = fe(t) + ee(t), where the
Fourier transforms of fe(t) and ee(t) are shown in Figure P4.43-2. Since the input signal is
not bandlirnited, a continuous-time antialiasing filter Haa(jn) is used. The magnitude of
the frequency response for Haa(jn) is shown in Figure P4.43-3, and the phase response of
the anti aliasing filter is LHaa(jn) = _n3.

(a) Sketch the Fourier transforms X(ejW), Xe(ejW), Ye(ejW), and Ye(jn).

(b) For the general case when Xe(jn) = 0 for Inl :::njT, express Ye(jn) in terms of
Xe(jn). Also, give a general expression for Ye(t) in terms of xe(t) when xe(t) is band
limited in this manner.

4.42. Let xe(t) be a real-valued continuous-time signal with highest frequency 2n(250) radi
ans/second. Furthermore, let Ye(t) = xe(t - 1j1000).

(a) If x[n] = xe(nj500), is it theoretically possible to recover xe(t) from x[n]? Justify your
answer.

(b) If y[n] = Ye(nj500), is it theoretically possible to recover Ye(t) from y[n]? Justify your
answer.

(c) Is it possible to obtain y[n] from x[n] using the system inFigure P4.42-1 ? If so, determine
Hl(ejW).

(d) It is also possible to obtain y[n] from x[n] without any upsampling or downsampling
using a single LTI system with frequency response H2(ejW). Determine H2(ejW).

225

Figure P4.42-1

t
T

t
T

Figure P4.43-1

Problems

C-TLTI D-TLTI
system

CIDsystemDIC
ge(t)

HaaUil)xe(t) x[n]H(e1W)y[n] Ye(t)

Chap. 4

il

BI---

- 4001T 4001T

n Figure P4.43-3400 •. 800 •.

1

A

-soar. -400 •.

-4001T 4001T il
Figure P4.43-2
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(a) If the sampling rate is 2JT/ T = 1600JT, determine the magnitude and phase of H(ejW),

the frequency response of the discrete-time system, so that the output is Ye(t) = fe(t).

(b) Is it possible that Ye(t) = fe(t) if 2JT/ T < 1600JT? If so, what is the minimum value of
2JT/ T? Determine H( ejW) for this choice of 2JT/ T.

4.44. Consider the system given in Figure P4.44-1. You may assume that Reun) is bandlimited;
i.e., Reun) = 0, Inl ~ 2JT(1000), as shown in the figure.
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x[n] y[n]

t 3 t-1-H(eiW) H
1

T] = -- seconds2000 H(eiw) = {I, 0:$ Iwl :$ woO,wo< Iwl:$7r£
-27r1ooo 27r1ooo

Figure P4.44-1

(a) Sketch R (ejW) and X( ejW).

(b) Choose nonzero values for (vo and T2 such that

n

y[n] = are(nT2)

for some nonzero constant a. (You do not have to determine the value of a.)
(c) Using the value of (Va you obtained in Part (b), determine a choice for T3 such that

seCt) = f3re(t)

for some nonzero constant f3. (You do not have to determine the value of f3-)

4.45. Assume that the continuous-time signal .le(r) in Figure P4.45-1 is exactly bandlimited and
exactly time limited so that

xe(t) = 0 for t < 0 and t > 10 seconds

and

xeun) = 0 for Inl ~ 2JT x 104•

While no continuous-time signal can be exactly bandlimited and time limited, the assump
tion that a signal satisfies both constraints often an excellent approximation and one that
we typically rely on in discrete-time processing of continuous-time signals. The continuous
time signal xe(t) is sampled as indicated in Figure P4.45-1 to obtain the sequence x[n],

which we want to process to estimate the total area A under xe(t) as precisely possible.

T

Discrete-time

system A = estimate of A

Figure P4.45-1

" \.
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yo[nJ

Y2[n]

Iwl -::::.n/3,
otherwise,

2n/3 < Iwl -::::.n,
otherwise.

n/3 < Iwl -::::.2n/3,
otherwise,

x[n]

Problems

Figure P4.46-1

(a) Let Ho(z) = 1, HI(Z) = Z-I, and H2(Z) = Z-2. Can you reconstruct x[n] from yo[n],

Yl[n], and )'2[n]? If so, how? If not, justify your answer.
(b) Assume that Ho(ejW), HI(ejW), and H2(ejW) are as follows:

Specifically, we define

(10A = Jo xc(t) dt.

Specify a choice for the impulse response h[n] for the discrete-time system and the largest
possible value of T to obtain as accurate an estimate as possible of A. State specifically
whether your estimate will be exact or approximate.

4.46. Consider the system in Figure P4.46-1 with Ho(z), HI (z), and H2(Z) as the system functions
ofLT! systems. Assume that x[n] is an arbitrary stable complex signal without any symmetry
properties.

Chap. 4

Can you reconstruct x[n] from yo[n], YI[n], and Y2[n]? If so, how? If not, justify your
answer.

Now consider the system in Figure P4.46-2. Let H3(ejW) and H4(ejW) be the frequency
responses of the LTI systems in this figure. Again, assume that x[n] is an arbitrary stable
complex signal with no symmetry properties.

Figure P4.46-2

0-::::. (V < 7[.

-7[ -::::.(V < O.

(c) Suppose that H3(ejW) = 1 and

H:;(eJ'") = { 1,-1.

x[n]

Can you reconstruct x[n] from Y3 [n J and Y4[n)? If so. how? If not, justify your answer.
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yo[nJ

Y2[n]

Iwl -::::.n/3,
otherwise,

2n/3 < Iwl -::::.n,
otherwise.

n/3 < Iwl -::::.2n/3,
otherwise,

x[n]

Problems

Figure P4.46-1

(a) Let Ho(z) = 1, HI(Z) = Z-I, and H2(Z) = Z-2. Can you reconstruct x[n] from yo[n],

Yl[n], and )'2[n]? If so, how? If not, justify your answer.
(b) Assume that Ho(ejW), HI(ejW), and H2(ejW) are as follows:

Specifically, we define

(10A = Jo xc(t) dt.

Specify a choice for the impulse response h[n] for the discrete-time system and the largest
possible value of T to obtain as accurate an estimate as possible of A. State specifically
whether your estimate will be exact or approximate.

4.46. Consider the system in Figure P4.46-1 with Ho(z), HI (z), and H2(Z) as the system functions
ofLT! systems. Assume that x[n] is an arbitrary stable complex signal without any symmetry
properties.

Chap. 4

Can you reconstruct x[n] from yo[n], YI[n], and Y2[n]? If so, how? If not, justify your
answer.

Now consider the system in Figure P4.46-2. Let H3(ejW) and H4(ejW) be the frequency
responses of the LTI systems in this figure. Again, assume that x[n] is an arbitrary stable
complex signal with no symmetry properties.

Figure P4.46-2

0-::::. (V < 7[.

-7[ -::::.(V < O.

(c) Suppose that H3(ejW) = 1 and

H:;(eJ'") = { 1,-1.

x[n]

Can you reconstruct x[n] from Y3 [n J and Y4[n)? If so. how? If not, justify your answer.
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Extension Problems

Sampling of Continuous-Time Signals Chap. 4

4.47. In many applications, discrete-time random signals arise through periodic sampling of
continuous-time random signals. We are concerned in this problem with a derivation of
the sampling theorem for random signals. Consider a continuous-time, stationary, random
process defined by the random variables {xa(t)}, where t is a continuous variable. The
autocorrelation function is defined as

cpxcxc(r) = E{x(t)x*(t + r)},

and the power density spectrum is

A discrete-time random process obtained by periodic sampling is defined by the set of
random variables {x[n]}, where x[n] = xa(nT) and T is the sampling period.
(a) What is the relationship between cpxx[n] and CPxcxc(r)?
(b) Express the power density spectrum of the discrete-time process in terms of the power

density spectrum of the continuous-time process.
(c) Under what condition is the discrete-time power density spectrum a faithful represen

tation of the continuous-time power density spectrum?

4.48. Consider a continuous-time random process xc(t) with a bandlimited power density spec
trum PxcxcCS1) as depicted in Figure P4.48-1. Suppose that we sample xc(t) to obtain the
discrete-time random process x[n] = xc(nT).

1

Figure P4.48-1

(a) What is the autocorrelation sequence of the discrete-time random process?
(b) For the continuous-time power density spectrum in Figure P4.48-1, how should T be

chosen so that the discrete-time process is white, i.e., so that the power spectrum is
constant for all w?

(c) If the continuous-time power density spectrum is as shown in Figure P4.48-2, how
should T be chosen so that the discrete-time process is white?

1

Figure P4.48-2

(d) What is the general requirement on the continuous-time process and the sampling
period such that the discrete-time process is white"

;

I
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Figure P4.49-1

Figure P4.49-3

~
y[n]

CD YI(t)

Figure P4.49-2

T

T

T

cos3 Qot = ~cos Qat + ~cos 3Qot.

T

~ g[x] =x31

Problems

System 2:

System 1:

(b) Consider System 1, and let x(t) = A cas (30Jr t). Let the sampling rate be 1/ T = 40 Hz.
Is YI(t) = x;(t)? Explain why or why not.

(c) Consider the signal-processing system shown in Figure P4.49-3, where g[x J = x3 and
g-l[v] is the (unique) inverse, i.e., g-I[g(x)] = x. Let x(t) = A cos (30Jrt) and l/T =
40 Hz. Express v [n] in terms of x [n J. Is there spectral aliasing? Express y[ n J in terms of
x[nJ. What conclusion can you reach from this example? You may find the following
identity helpful:

4.49. This problem explores the effect of interchanging the order of two operations on a signal,
namely, sampling and performing a memoryless nonlinear operation.
(a) Consider the two signal-processing systems in Figure P4.49-1, where the C/D and DIC

converters are ideal. The mapping g[x] = x2 represents a memoryless nonlinear device.
For the two systems in the figure, sketch the signal spectra at points 1, 2, and 3 when
the sampling rate is selected to be 1/T = 21m Hz and xc(t) has the Fourier transform
shown in Figure P4.49-2. Is YI(t) = Y2(t)? If not, why not? Is YI(t) = x2(t)? Explain
your answer.
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(d) One practical problem is that of digitizing a signal having a large dynamic range. Sup
pose we compress the dynamic range by passing the signal through a memoryless non
linear device prior to AID conversion and then expand it back after AID conversion.
What is the impact of the nonlinear operation prior to the AID converter in our choice
of the sampling rate?

4.50. Figure 4.24 depicts a system for interpolating a signal by a factor of L, where
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Xe[n] = {X[n/L],0,

Sampling of Continuous-Time Signals

n = 0, ±L, ±2L, etc ... ,
otherwise,

Chap. 4

and the lowpass filter interpolates between the nonzero values of xe[n] to generate the
upsampled or interpolated signal Xi [n]. When the lowpass filter is ideal, the interpolation is
referred to as bandlimited interpolation. As indicated in Section 4.6.2, simple interpolation
procedures are adequate in many applications. Two simple procedures often used are zero
order-hold and linear interpolation. For zero-order-hold interpolation, each value of x[n]

is simply repeated L times; i.e.,

n = 0, 1, ... , L -1,
n=L, L+1, ... ,2L-1,
n = 2L, 2L + 1, ... ,

r-
\

Linear interpolation is described in Section 4.6.2.
(a) Determine an appropriate choice for the impulse response of the lowpass filter in

Figure 4.24 to implement zero-order-hold interpolation. Also, 'determine the corre
sponding frequency response.

(b) Equation (4.92) specifies the impulse response for linear interpolation. Determine the
corresponding frequency response. (You may find it helpful to use the fact that h1in[n]

is triangular and consequently corresponds to the convolution of two rectangular se
quences.)

(c) Sketch the magnitude of the filter frequency response for zero-order-hold and linear
interpolation. Which is a better approximation to ideal bandlimited interpolation?

4.51. We wish to compute the autocorrelation function of an upsampled signal, as indicated in
Figure P4.51-1. It is suggested that this can equivalently be accomplished with the system of
Figure P4.51-2. Can H2(ejW) be chosen so that 1>3[n] = 1>l[n]? If not, why not? If so, specify
H2(ejW).

, ,
L_.?

~I tL Ix[nJ L-J xu[n]

Ideallowpass

filter cutoff 1----'l)~IAutocorrelate7T/L x;[n]
Figure P4.51-1

Autocorrelate
x[n] Figure P4.51-2

4.52. We are interested in upsampling a sequence by a factor of 2, using a system of the form of
figure 4.24. However. the lowpass filter in that figure is 10 be approximated by a five-point
filter with impulse response h[n) indicated in Figure P4.52-L In this system, the output Yl [n)

is obtained by direct convolution of h[n) with w[n].
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Figure P4.52-2

y[n] = Yarn] + YI[n]

Figure P4.52-1

Synthesizer

n

HPF

h[n]

e

Figure P4.53-1

c

o 1 234

Analyzer

HPF

Problems

x[n]

x[n]

(a) A proposed implementation of the system with the preceding choice of h[n] is shown
in Figure P4.52-2. The three impulse responses hI [n], hz[nJ, and h3[nJ are all restricted
to be zero outside the range 0 S n S 2. Determine and clearly justify a choice for
hI [n], hz[n], and h3[n] so that YI[n] = yz[n] for any x[n], i.e., so that the two systems
are identical.

Chap. 4

(b) Determine the number of multiplications per output point required in the system of
Figure P4.52-1 and in the system of Figure P4.52-2. You should find that the system of
Figure P4.52-2 is more efficient.

4.53. Consider the analysis-synthesis system shown in Figure P4.53-1. The lowpass filter horn]
is identical in the analyzer and synthesizer, and the highpass filter hI[nJ is identical in the
analyzer and synthesizer. The Fourier transforms of horn] and hdn] are related by

\---------i ·I f·
~ ;,-f I~·

1-

I
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i
F

(a) If X(ejW) and Ho(ejW) are as shown in Figure P4.53-2, sketch (to within a scale factor)
Xo(ejW), Go(ejW), and Yo(ejW).

(b) Write a general expression for Go(ejW) in terms of X(ejW) and Ho(ejW). Do not assume
that X(ejW) and Ho(ejW) are as shown in Figure 4.53-2.

A

w

2
-
2 Figure P4.53-2

(c) Determine a set of conditions on Ho(ejW) that is as general as possible and that will
guarantee that y[n] is proportional to x[n - nd] for any stable input x[n].

Note: Analyzer-synthesizer filter banks of the form developed in this problem are very
similar to quadrature mirror filter banks. For further reading, see Crochiere and Rabiner
(1983), pp. 378-392.

4.54. Consider a real-valued sequence x[n] for which

n
- < Iwl <n.3 - -

4.55.

One value of x[n] may have been corrupted, and we would like to approximately or exactly
recover it. With x [n] denoting the corrupted signal,

x[n] = x[n] for n I- no.

and x[no] is real but not related to x[no]. In each of the following three cases, specify a
practical algorithm for exactly or approximately recovering x[n] from x[n]:
(a) The value of no is known.
(b) The exact value of no is not known, but we know that no is an even number.
(c) Nothing about no is known.

Communication systems often require conversion from time-division multiplexing (TDM)
to frequency-division multiplexing (FDM). In this problem, we examine a simple example
of such a system. The block diagram of the system to be studied is shown in Figure P4.55-1.
The TDM input is assumed to be the sequence of interleaved samples

t

!
I
(

f

I
r
J

{Xl [n/2]w[n] = -'den _ 1)/2]

for n an even integer.

for n an odd integer.

Assume that the sequences xdn] = xel(nT) and x2[n] = xe2(nT) have: been obtained
by sampling the continuous-time signals Xel (t) and Xel(t). respectively, without aliasing.
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Figure P4.55-1

Figure P4.55-2

ydnJ

(assume WI > Jr/2).and

TDM
demultiplex

Problems

w[nJ

TDM
signal

The kth modulator system (k = 1 or 2) is defined by the block diagram in Figure P4.55-2.
The lowpass filter H;(ejW), which is the same for both channels, has gain L and cutoff fre
quency JrIL, and the highpass filters Hk(ejW) have unity gain and cutoff frequency Wk. The
modulator frequencies are such that

(b) Assume that rl.N = 2Jr X 5 X 103• Find WI and L so that, after ideal D/C conversion
with sampling period TI L, the Fourier transform of Yc(t) is zero, except in the band of
frequencies

Assume also that these two signals have the same highest frequency, rl.N, and that the
sampling period is T = JrI rl.N·
(a) Draw a block diagram of a system that produces xI[n} and x2[n} as outputs; i.e., obtain

a system for demultiplexing a TDM signal using simple operations. State whether or
not your system is linear, time invariant, causal, and stable.

Chap. 4

Figure P4.55-3

BA

(c) Assume that the continuous-time Fourier transforms of the two original input signals
are as sketched in Figure P4.55-3. Sketch the Fourier transforms at each point in the
system.

(d) Based on your solution to Parts (a)-(c), discuss how the system could be generalized
to handle M equal-bandwidth channels.

4.56. In Section 4.8.1, we considered the use of prefiltering to avoid aliasing. In practice, the
anti aliasing filter cannot be ideal. However, the nonideal characteristics can be at least
partially compensated for with a discrete-time system applied to the sequence x[n] that is
the output of the C/D converter.



Consider the two systems in Figure P4.56-1. The antialiasing filters Hideal(jQ) and
Haa(jQ) are shown in Figure P4.56-2. H(eF") in Figure P4.56-1 is to be specified to com
pensate for the nonideal characteristics of Haa(jQ).

Sketch H(ejW) so that the two sequences x[n] and w[n] are identical.
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System 1:
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I

T

System 2:

T Figure P4.56-1

J
T

L
7T fl

T

r
i

Figure P4.56-2

4.57. As discussed in Section 4.8.2, to process sequences on a digital computer, we must quantize
the amplitude of the sequence to a set of discrete levels. This quantization can be expressed
in terms of passing the input sequence x[n] through a quantizer Q(x) that has an input
output relation as shown in Figure 4.48.

As discussed in Section 4.8.3, if the quantization interval I'::"is small compared with
changes in the level of the input sequence, we can assume that the output of the quantizer
is of the form

y[n] = x[n] + ern],

where ern] = Q (x[n)) -x[n] and ern] is a stationary random process with a first-orderprob
ability density uniformly distributed between -1'::,,/2 and 1'::,,/2, uncorrelated from sample to
sample and uncorrelated with x[n], so that E{e[n]x[m]} = 0 for all m and n.

Let x[n] be a stationary white-noise process with zero mean and variance 00;.

(a) Find the mean, variance, and autocorrelation sequence of ern).

(b) What is the signal-to-quantizing-noise ratio a} fa}?
(c) The quantized signal y[n] is to be filtered by a digital filter with impulse response

h[n] = Ha" + (-(/)"]u[n). Determine the variance of the noise produced at the output
due to the input quantization noise. and determine the signal-to-noise ratio at the
output.
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(P4.57)

Figure P4.57-1

Figure P4.58-1

Yl [n] =yc(nT)

T = Nyquistrate

Problems

y[n] = x[n]. exp(e[n]).

For small e, we can approximate exp(e[n]) by (1 + ern]), so that

y[n] ~ x[n](1 + ern]) = x[n] + f[n].

Thus,

(d) Determine the mean, variance, and autocorrelation sequence of the additive noise f[n]

defined in Eq. (P4.57).

(e) What is the signal-to-quantizing-noise ratio 0-; lo}? Note that i? this case 0-; 10J is inde
pendent of 0;. Within the limits of our assumption, therefore, the signal-to-quantizing
noise ratio is independent of the input signal level, whereas, for linear quantization, the
ratio 0;I0; depends directly on 0;.

(f) The quantized signal y[n] is to be filtered by means of a digital filter with impulse
response h[ n] = ~[an + (-a Y]u[ n]. Determine the variance of the noise produced at
the output due to the input quantization noise, and determine the signal-to-noise ratio
at the output.

4.58. Figure P4.58-1 shows a system in which two continuous-time signals are multiplied and
a discrete-time signal is then obtained from the product by sampling the product at the
Nyquist rate; i.e., Yl[n] is samples of Ye(t) taken at the Nyquist rate. The signal Xl(t) is
bandlimited to 25 kHz (Xl(jr2) = 0 for 1r21 2: 5rr x 104), and X2(t) is limited to 2.5 kHz
(X2(jr2) = 0 for 1r21 2: (rr/2) x 104).

In some cases we may want to use nonlinear quantization steps, forexample, logarithmically
spaced quantization steps. This can be accomplished by applying uniform quantization to
the logarithm of the input as depicted in Figure P4.57-1, where Q[.] is a uniform quantizer
as specified in Figure 4.48. In this case, if we assume that t. is small compared with changes
in the sequence In(x[n]), then we can assume that the output of the quantizer is

In(y[n]) = In(x[n]) + ern].

This equation will be used to describe the effect of logarithmic quantization. We assume
ern] to be a stationary random process, uncorrelated from sample to sample, independent
of the signal x[n], and with first-order probability density uniformly distributed between
±t.12.

Chap. 4

In some situations (digital transmission. for example), the continuous-time signals have
already been sampled at their individual Nyquist rates. and the multiplication is to be
carried out in the discrete-time domain. perhaps with some additional processing bdore
and after multiplication. as indicated in Figure P4.58-2. Each of the systems A, B. and C
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either is an identity or can be implemented using one or more of the modules shown in
Figure P4.58-3.

1 ~,

I I J

• A ,
x~C/DI I y~ ,t
xz(t)

Tz = 2 x 1O-4sec
Figure P4.58-2

Module I

Module II

~g[n]={S[~L]

~~~ g[nJ =s[nM]

n = 0, ±L, ±2L, ...
otherwise

Module III
s[n]

g[nJ

Figure P4.58-3

For each of the three systems A, B, and C, either specify that the system is an identity
system or specify an appropriate interconnection of one or more of the modules shown in
Figure P4.58-3. Also, specify all relevant parameters L, M, and We. The systems A, B, and
C should be constructed such that Y2[n] is proportional to Yl [n], i.e.,

Y2[n] = kYl[n] = kYe(nT) = kxj(nT) x x2(nT),

and these samples are at the Nyquist rate, i.e., Y2[n] does not represent oversampling or
undersampling of Ye(t).

4.59. Suppose seCt) is a speech signal with the continuous-time Fourier transform Se(j0.) shown
in Figure P4.59-1. We obtain a discrete-time sequence sr[n] from the system shown in
Figure P4.59-2, where H(ejcv) is an ideal discrete-time lowpass filter with cutoff frequency
We and a gain of L throughout the passband, as shown in Figure 4.28(b). The signal sr[n]

will be used as an input to a speech coder, which operates correctly only on discrete-time
samples representing speech sampled at an 8-kHz rate. Choose values of L, M, and We that
produce the correct input signal sr[n] for the speech coder.

!
I

l

t
i
I

-2Tf' 4000 o 2••.· 4000 n(rad/s) Figure P4.59-1
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Figure P4.60-1

x[nJ

Iwl ~ n/4,
otherwise,

(1/1) = 44 kHz

{I,Hal(jn) = 0,

T= (1/44.1) ms

Problems

an ideallowpass filter, and

Figure P4.59-2

4.60. In many audio applications, it is necessary to sample a continuous-time signal xc(t) at
a sampling rate 1/ T = 44 kHz. Figure P4.60-1 shows a straightforward system, includ
ing a continuous-time anti alias filter Hao(jn), to acquire the desired samples. In many
applications, the "4x oversampling" system shown in Figure P4.60-2 is used instead of the
conventional system shown in Figure P4.60-1. In the system in Figure P4.60-2,

Ghap.4

for some 0 ~ np ~ ns ~ 00.

Figure P4.60-2

~
x[nJ

and

(1/1) = 4 x 44 kHz = 176 kHz

1Hal(jf1)~ H(e/W) I----B
t

Assuming that H(el"') is ideal, find the minimal set of specifications on the antialias
filter Hal(jn), i.e., the smallest np and the largest ns, such that the overall system of
Figure P4.60-2 is equivalent to the system in Figure P4.60-1.

4.61. In this problem, we will consider the "double integration" system for quantization with
noise shaping shown in Figure 4.61-1. In this system,

and the frequency response of the decimation filter is

Iwl < n/ /VI.

n/M S Iwl :::: Jr.
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t

The noise source ern], which represents a quantizer, is assumed to be a zero-mean white
noise (constant power spectrum) signal that is uniformly distributed in amplitude and has
noise power a} = ~2/12.

ern]

tM
w[n] L__ n_1 u[nJ = w[MnJ

Figure P4.61-1

(a) Determine an equation for Y(z) in terms of X(z) and E(z). Assume for this part that
E(z) exists. From the z-transform relation, show that y[n] can be expressed in the form
y[n] = x[n -1] + f[n], where f[n] is the output due to the noise source ern]. What is
the time-domain relation between f[n] and ern]?

(b) Now assume that ern] is a white-noise signal as described prior to Part (a). Use the
result from Part (a) to show that the power spectrum of the noise f[n] is

What is the total noise power (o}) in the noise component of the signal y[n]? On the
same set of axes, sketch the power spectra Pee(eiw) and Pff(eiw) for 0 :s w :s 7r.

(c) Now assume that X(eiw) = 0 for n / M < w :s n. Argue that the 'output of H3(Z) is
w[n] = x[n -1] + g[n]. State in words what g[n] is.

(d) Determine an expression for the noise power ai at the output of the decimation filter.
Assume that n/ M «n, i.e., M is large, so that you can use a small-angle approximation
to simplify the evaluation of the integral.

(e) After the decimator, the output is urn] = w[Mn] = x[Mn - 1] + q[n), where q[n] =
g[Mn]. Now suppose that x[n) = xc(nT) (i.e., x[n) was obtained by sampling a
continuous-time signal). What condition must be satisfied by Xc(j0.) so that x[n -1)
will pass through the filter unchanged? Express the "signal component" of the output

urn] in terms of xe(t). What is the total power ai of the noise at the output? Give an
expression for the power spectrum of the noise at the output, and, on the same set Of
axes, sketch the power spectra Pee(eiw) and Pqq(eiw) for 0 :s w :s n.

4.62. For sigma-delta oversampled AID converters with high-order feedback loops, stability
becomes a significant consideration. An alternative approach referred to as MASH achieves
high-order noise shaping with only first-order feedback. The structure for second-order
MASH noise shaping is shown in Figure P4.62-2 and analyzed in this problem.

Figure P4.62-1 is a first-order sigma-delta (1: - ~) noise shaping system, where the
effect of the quantizer is represented by the additive noise signal ern). The noise ern) is
explicitly shown in the diagram as a second output of the system. Assume that the input
x[n) is a zero-mean wide-sense stationary random process. Assume also that ern) is zero
mean, white, wide-sense stationary, and has variance a;. ern) is un correlated with x[n].
(a) For the system in Figure P4.62-1, the output y[n] has a component yx[n] due only to

x[n] and a component Ye[n) due only to ern], i.e., y[n] = yxfn) + Ye[n].
(i) Determine Yx [n) in terms of x[n].

(ii) Determine PyJw), the power spectral density of y,(n).
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y[n]x[n]

Figure P4.62-1

--, L-A I

Yl[n] ) I
z-l

x[n]

el[n]

I

,-,1 h[nJ,11-'-' I
~8

r[n]

e2[n]

Figure P4.62-2

Problems

(b) The system of Figure P4.62-1 is now connected in the configuration shown in Fig
ure P4.62-2, which shows the structure of the MASH system. Notice that eI[n] and
e2[n] are the noise signals resulting from the quantizers in the sigma-delta noise shap
ing systems. The output of the system r[n] has a component Tx[n] due only to x[n], and
a component Te[n] due only to the quantization noise, i.e., T[n] = Tt[n] +Te[n]. Assume
that el [n] and e2[n] are zero-mean, white, wide-sense stationary, each with variance a;'

Also assume that el[n] is uncorrelated with e2[n].

(i) Determine Tx[n] in terms of x[n].

(ii) Determine Pr.(w), the power spectral density of Te[n].
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