
STRUCTURES FOR 
DISCRETE-TIME SYSTEMS 

As we saw in Chapter 5, a linear time-invariant system with arational system function has 
the property that the input and output sequences satisfy a linear constant-coefficient dif- 
ference equation. Since the system function is the z-transform of the impulse response, 
and since the difference equation satisfied by the input and output can be determined 
by inspection of the system function, it follows that the difference equation, the impulse 
response, and the system function are equivalent characterizations of the input-output 
relation of a linear time-invariant discrete-time system. When such systems are imple- 
mented with discrete-time analog or digital hardware, the difference equation or the sys- 
tem function representation must be converted to an algorithm or structure that can be 
realizedin the desired technology. As we will see in this chapter, systems described by hi- 
ear constant-coefficient difference equations can be represented by structures consisfjng 
of an interconnection of the basic operations of addition, multiplication by a constant, 
and delay, the exact implementation of which is dictated by the technology to be used. 

As an illustration of the computation associated with a difference equation, con- 
sider the system described by the system function 

The impulse response of this system is 
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and the first-order difference equation that is satisfied by the input and output sequences 
is 

Since the system has an infinite-duration impulse response, it is not possible to 
implement the system by discrete convolution. However, rewriting Eq. (6.3) in the form 

provides the basis for an algorithm for recursive computation of the output at any time 
n in terms of the previous output y[n - 11, the current input sample x[n], and the previ- 
ous input sample x[n - I]. As discussed in Section 2.5, if we further assume initial-rest 
conditions (i.e., if x[n] = 0 for n < 0, then y[n] = 0 for n c O), and if we use Eq. (6.4) as a 
recurrence formula for computing the output from past values of the output and present 
and past values of the input, the system will be linear and time invariant. A similar pro- 
cedure can be applied to the more general case of an Nth-order difference equation. 
However, the algorithm suggested by Eq. (6.4) and its generalization for higher order 
difference equations is not the only computational algorithm for implementing a partic- 
ular system, and often it is not the most preferable. As we will see, an unlimited variety 
of computational structures result in the same relation between the input sequence x[n] 
and the output sequence y[n]. 

In the remainder of this chapter, we consider the important issues in the imple- 
mentation of linear time-invariant discrete-time systems. We first present the block 
diagram and signal flow graph descriptions of computational structures or networks 
for linear constant-coefficient difference equations representing linear time-invariant 
causal systems. Using a combination of algebraic manipulations and manipulations of 
block diagram representations, we derive a number of basic equivalent structures for 
implementing a causal linear time-invariant system. Although two structures may be 
equivalent with regard to their input-output characteristics for infinite-precision repre- 
sentations of coefficients and variables, they may have vastly different behavior when 
the numerical precision is limited. This is the major reason that it is of interest to study 
different implementation structures. The effects of finite-precision representation of 
the system coefficients and the effects of truncation or rounding of htermediate com- 
putations are considered in the latter sections of the chapter. 

6.1 BLOCK DIAGRAM REPRESENTATION QF LINEAR 
CONSTANT-COEFFICIENT DIFFERENCE EQUATIONS 

The implementation of a linear time-invariant discrete-time system by iteratively eval- 
uating a recurrence formula obtained from a difference equation requires that delayed 
values of the output, input, and intermediate sequences be available. The delay of se- 
quence values implies the need for storage of past sequence values. Also, we must 
provide means for multiplication of the delayed sequence values by the coefficients, 
as well as means for adding the resulting products. Therefore, the basic elements re- 
quired for the implementation of a h e a r  time-invariant discrete-time system are adders, 
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Figure 6.1 Block diagram symbols. 
(a) Addition of two sequences. 
(b)  Multiplication of a sequence by a 

(4 constant. (c) Unit delay. 

multipliers, and memory for storing delayed sequence values. The interconnection of 
these basic elements is conveniently depicted by block diagrams composed of the ba- 
sic pictorial symbols shown in Figure 6.1. Figure 6.l(a) represents the addition of two 
sequences. In general block diagram notation, an adder may have any number of in- 
puts. However, in almost all practical implementations, adders have only two inputs. 
In all the diagrams of this chapter, we indicate this explicitly by limiting the num- 
ber of inputs as in Figure 6.l(a). Figure 6.l(b) depicts multiplication. of a sequence 
by a constant, and Figure 6.l(c) depicts delaying a sequence by one sample. In digi- 
tal implementations, the delay operation can be implemented by providing a storage 
register for each unit delay that is required. In analog discrete-time implementations, 
such as switched-capacitor filters, the delays are implemented by charge storage de- 
vices. The unit delay system is represented in Figure 6.l(c) by its system function, z-l. 
Delays of more than one sample can be denoted as in Figure 6.l(c), with a system 
function of z-", where M is the number of samples of delay; however, the actual im- 
plementation of M samples of delay would generally be done by cascading M unit 
delays. In an integrated-circuit implementation, these unit delays might form a shift 
register that is clocked at the sampling rate of the input signal. In a software imple- 
mentation, M cascaded unit delays would be implemented as M consecutive memory 
registers. 

Example 6.1 Block Diagram Representation 
of a Difference Equation 

.$ 
,:-' As an example of the representation of a difference equation in terms of the elements :t 

: in Figure 6.1, consider the second-order difference equation 
1 

L 

y[n] = aly[n - 11 + azy[n - 21 + box[n]. (6.5) 

The corresponding system function is 

The block diagram representation of the system realization based on Eq. (6.5) is 1 ..- 
shown In Figure 6.2. Such diagrams give a pictorial representation of a computational t 
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Figure 6.2 Example of a block diagram representation of a difference equation. 

algorithm for implementing the system. When the system is implemented on either a 
general-purpose computer or a digital signal processing (DSP) chip, network structures 
such as the one shown in Figure 6.2 serve as the basis for a program that implements 
the system. If the system is implemented with discrete components or as a complete 
system with VLSI technology, the block diagram is the basis for determining a hardware 
architecture for the system. In both cases, diagrams such as Figure 6.2 show explicitly 
that we must provide storage for the delayed variables (in this case, y[n - 11 and 
y[n - 21) and also the coefficients of the difference equation (in this case, at, a2, 
and bo). Furthermore, we see from Figure 6.2 that an output sequence value y[n] 
is computed by first forming the products aly[n - 11 and a2y[n - 21, then adding 
them, and, finally, adding the result to box[n]. Thus, Figure 6.2 conveniently depicts 
the complexity of the associated computational algorithm, the steps of the algorithm, 
and the amount of hardware required to realize the system. ' 

Example 6.1 can be generalized to higher order difference equations of the form1 

N M 

(6-7) y[n] - x a k y [ n  - k ]  = x b k x [ n  - k], 
k=l k=O , .,<. 

. . p. _: 
;.:. , 

with the corresponding system function 

lThe form used in previous chapters for  a general Nth-order difference equation was 

N M 

C a k y [ n  - k] = bkx[n - k].  

In the remainder of the book. it will be more convenient to  use the form in Eq. (6.7). where the coefficient 
of y [ n ]  is normalized to  unity and the coefficients associated with the delayed output appear with a positive 
sign after they have been moved to the right-hand side of the equation. (See Eq. (6.9).) 
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Figure 6.3 Block diagram 
representation for a general Nth-order 
difference equation. 

Rewriting Eq. (6.7) as a recurrence formula for y[n] in terms of a linear combination of 
past values of the output sequence and current and past values of the input sequence 
leads to the relation 

N M 

y[n] = aky[n - k] + x bkx[n - k].  

The block diagram of Figure 6.3 is an explicit pictorial representation of Eq. (6.9). 
  ore precisely, it represents the pair of difference equations 

v[n] = x bkx[n - k] ,  

The assumption of a two-input adder implies that the additions are done in a specified 
order. That is, Figure 6.3 shows that the products aNy[n - N ]  and aN-ly[n - N + 11 
must be computed, then added, and the resulting sum added to aN-2y[n - N + 21, and 
so on. After y[n] has been computed, the delay variables must be updated by moving 
y[n - N + 11 into the register holding y[n - N ] ,  and so on. 

A block diagram can be rearranged or modified in a variety of ways without chang- 
' 

ing the overall system function. Each appropriate rearrangement represents a different 
computationa1 algorithm for implementing the same system. For example, the block 
diagram of Figure 6.3 can be viewed as a cascade of two systems, the first representing 
the computation of v[n] from x[n] and the second representing the computation of y[n] 
from v[n]. Since each of the two systems is a linear time-invariant system (assuming 
initial-rest conditions for the delay registers), the order in which the two systems are 
cascaded can be reversed, as shown in Figure 6.4, without affecting the overall system 
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function. In Figure 6.4, for convenience, we have assumed that M = N. Clearly, there 

; , . +. ;.. 
"..,. y.2 is no loss of generality, since if M # N, some of the coefficients a; or bk in the figure , ,.I 
.- !.I;< ; 

$ 
(. !' 

would be zero, and the diagram could be simplified accordingly. 
. i;..' 

In terms of the system function H(z) in Eq. (6.8), Figure 6.3 can be viewed as an I.!. :, ,,. -E ..4.. : \i[F implementation of H(z) through the decomposition !. . . . .  '&. I: I:,, 
; 1,; 

or, equivalently, through the pair of equations 
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Figure 6.4, on the other hand, represents H(z) as 

or, equivalently, through the equations 

Y (2) = HI (2) W(Z) = (6.14b) 

In the time domain, Figure 6.4 and, equivalently, Eqs. (6.14a) and (6.14b) can be rep- 
resented by the pair of difference equations 

N 

w[n] = x a w [ n  - k] +x[n], (6.15a) 
k=l 

- - 

y[n] = bkw[n - k]. 

The block diagrams of Figures 6.3 and 6.4 have several important differences. In 
Figure 6.3, the zeros of H(z), represented by Hl(z), are implemented first, followed by 
the poles, represented by H2(z). In Figure 6.4, the poles are implemented first, followed 
by the zeros. Theoretically, the order of implementation does not affect the overall f 

system function. However, as we will see, when a difference equation is implemented 1 !fL with finite-precision arithmetic, there can be a significant difference between two sys- 
tems that are theoretically equivalent. Another important point concerns the number I ... 

of delay elements in the two systems. As drawn, the systems in Figures 6.3 and 6.4 each 1' have a total of (N + M) delay elements. However, the block diagram of Figure 6.4 can L. 

be redrawn by noting that exactly the same signal, w[n], is stored in the two chains of 
delay elements in the figure. Consequently, the two can be collapsed into one chain, as ;?: 
indicated in Figure 6.5. F: 1; 

The total number of delay elements in Figure 6.5 is less than in either Figure 6.3 
or Figure 6.4, and in fact it is the minimum number required to implement a system 1: with system function given by Eq. (6.8). Specifically, the minimum number of delays 
required is, in general, max(N, M). An implementation with the minimum number of 
delay elements is commonly referred to as a cononic form implementation. The non- 

i' 
1; 7 

*. 
; r 

canonic block diagram in Figure 6.3 is referred to as the tlirecr form I implementation i ~ t. 
. . 
: * 
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=N-1 b N - 1  

Y 

z-I 

=N b~ Figure 6.5 Combination of delays in 
Figure 6.4. 

of the general Nth-order system because it is a direct realization of the difference equa- 
tion satisfied by the input x[n]  and the output y[n],  which in turn can be written directly 
from the system function by inspection. Figure 6.5 is often referred to as the direct 
form 11 or canonic direct form implementation. Knowing that Figure 6.5 is an appropri- 
ate realization structure for H(z) given by Eq. ( 6 4 ,  we can go directly back and forth 
in a straightforward manner between the system function and the block diagram (or 
t h e  equivalent difference equation). 

Example 6.2 Direct Form I and  Direct Form I I  
implementation of a n  LT9 System 

Consider the LTI system with system function 

Comparing this system function with Eq. (6.8), we find bo = 1, bl = 2, a* = fl.5, 
and a2 = -0.9, so it follows from Figure 6.3 that we can implement the system in a 
direct form I block diagram as shown in Figure 6.6. Referring to Figure 6.5, we can also 
implement the system function in direct form 11, as shown in Figure 6.7. In both cases, 
note that the coefficients in the feedback branches in the block diagram have opposite 
signs from the corresponding coefficients of 2-I  and z-2 in Eq. (6.16). Although this 
change of sign is sometimes confusing, it is essential to remember that the feedback 
coefficients ink)  always have the opposite sign in the difference equation from their 
sign in the system function. Note also that the direct form I1 requires only two delays 
to implement fI(;), one less than the direct form I implementation. 
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Figure 6.6 Direct form I implementation of Eq. (6.16). 

Figure 6.7 Direct form11 implementation of Eq. (6.16). 

1 :# 

1 .: 
i . . i  

In the preceding discussion, we developed two equivalent block diagrams for ..-3 

implementing a linear time-invariant system with system function given by Eq. (6.8). . . 
These block diagrams, which represent different computational algorithms for imple- 
menting the system, were obtained by manipulations based on the linearity of the system 
and the algebraic properties of the system functim. Indeed, since the basic difference 

1 
equations that represent a linear time-invariant system are linear, equivalent sets of dif- f- 

-. . 
->.. . ..- ....... 

ferenceequations can be obtained simply by linear transformations of the variables of ..: . , 

the difference equations. Thus, there are an unlimited number of equivalent realizations 
of any given system. In Section 6.3, using an approach similar to that employed in this L-:? L: -. 

[:>:? 
section, we will develop a number of other important and useful equivalent structures ci ; 
for implementing a system with system function as in Eq. (6.8). Before discussing these 

. other forms, however, it is convenient to introduce signal flow graphs as an alternative 
: , 

to block diagrams for representing difference equations. 

6.2 SIGNAL FLQW GRAPH REPRESENTATION OF LINEAR i_d 
CONSTANT-COEFFICIENT DIFFERENCE EQUATIONS 

A signal flow graph representation of a difference equation is essentially the same as 

I wT 

a block diagram representation, except for a few notational differences. Formally, a 1 i 
signal flow graph is a network of directed branches that connect at nodes. Associated f 
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Node j \ ,  
Figure 6.8 Example of nodes and 

Node k branches in a signal flow graph. 

Figure 6.9 Example of a signal flow 
graph showing source and sink nodes. 

with each node is a variable or node value. The value associated with node k might 
be denoted wk, or, since node variables for digital filters are generally sequences, we 
often indicate this explicitly with the notation wk[n]. Branch ( j ,  k) denotes a branch 
originating at node j  and terminating at node k, with the direction from j  to k being 
indicated by an arrowhead on the branch. This is shown in Figure 6.8. Each branch 
has an input signal and an output signal. The input signal from node j .  to  branch (j, k) 
is the node value wj[n]. In a linear signal flow graph, which is the only class we will 
consider, the output of a branch is a linear transformation of the input to the branch. 
The simplest example is a constant gain, i-e., when the output of the branch is simply a 
constant multiple of the input to the branch. The linear operation represented by the 
branch is typically indicated next to the arrowhead showing the direction of the branch. 
For the case of a constant multiplier, the constant is simply shown next to the arrowhead. 
When an explicit indication of the branch operation is omitted, this indicates a branch 
transmittance of unity, or the identity transformation. By definition, the value at each 
node in a graph is the sum of the outputs of all the branches entering the node. 

To complete the definition of signal flow graph notation, we define two special 
types of nodes. Sorirce nodes are nodes that have no entering branches. Source nodes 
are used to represent the injection of external inputs or signal sources into a graph. 
Sink nodes are nodes that have only entering branches. Sink nodes are used to extract 
outputs from a graph. Source nodes, sink nodes, and simple branch gains are illustrated 
in the signal flow graph of Figure 6.9. The linear equations represented by the figure 
are as follows: 

wl [n] = x[n] + aw~[n]  + bw2[n], 

Addition, multiplication by a constant, and delay are the basic operations required 
to implement a linear constant-coefficient difference equation. Since these are all lin- 
ear operations. it is possible to use signal flow graph notation to depict algorithms for 
implementing linear time-invariant discrete-time systems. As an example of how the 
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flow graph concepts just discussed can be applied to the representation of a difference 
equation, consider the block diagram in Figure 6.10(a), which is the direct form I1 real- 
ization of the system whose system function is given by Eq. (6.1). A signal flow graph 
corresponding to this system is shown in Figure 6.10(b). In the representation of differ- 
ence equations, the node variables are sequences. In Figure 6.10(b), node 0 is a source 
node whose value is determined by the input sequence x[n], and node 5 is a sink node 
whose value is denoted y[n]. Notice that the source and sink nodes are connected to 
the rest of the graph by unity-gain branches to clearly denote the input and output 
of the system. Obviously, nodes 3 and 5 have identical values. In Figure 6.10(b), all 
branches except one (the delay branch (2,4)) can be represented by a simple branch 
gain; i.e., the output signal is a constant multiple of the branch input. A delay cannot 
be represented in the time domain by a branch gain. However, the z-transform rep- 
resentation of a unit delay is multiplication by the factor zdl. If we represented the 
difference equations by their corresponding z-transform equations, all the branches 
would be characterized by their system functions. In this case, each branch gain would 
be a function of z; e.g., a unit delay branch would have a gain of z-I. By convention, we 
represent the variables in a signal flow graph as sequences rather than as z-transforms 
of sequences. However, to simphfy the notation, we normally indicate a delay branch 
by showing its branch gain as z-l, but it is understood that the output of such a branch p 
is the branch input delayed by one sequence value. The graph of Figure 6.10(b) is 
shown in Figure 6.11 with this convention. The equations represented by Figure 6.11 are 

Source Sink 
node 0 1 2 bn 3 node 5 

Figure 6.10 (a) Block diagram 
representation of a first-order digital 
filter. (b) Structure of the signal flow 
graph corresponding to the block 
diagram in (a). 

Figure 6.11 Signal flow graph of 
Figure 6.10(b) with the delay branch 
indicated by z-'. 
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as follows: 

wl[n] = aw4[n] + x[n], (6.18a) 

A comparison of Figure 6.10(a) and Figure 6.11 shows that there is a direct corre- 
spondence between branches in the block diagram and branches in the flow graph. In 
fact, the important difference between the two is that nodes in the flow graph represent 
both branching points and adders, whereas in the block diagram a special symbol is used 
for adders. A branching point in the block diagram is represented in the flow graph by a 
node that has only one incoming branch and one or more outgoing branches. An adder 
in the block diagram is represented in the signal flow graph by a node that has two (or 
more) incoming branches. Signal flow graphs are therefore totally equivalent to block 
diagrams as pictorial representations of difference equations, but they are simpler to 
draw. Like block diagrams, they can be manipulated graphically to gain insight into 
the properties of a given system. A large body of signal flow graph theory exists that 
can be directly applied to discrete-time systems when they are represented in this form. 
(See Mason and Zimmermann, 1960; Chow and Cassignol, 1962; and Phillips and Nagle, 
1995.) Although we will use flow graphs primarily for their pictori81 value, we will utilize 
certain theorems relating to signal flow graphs in examining alternative structures for 
implementing linear systems. 

Equations (6.18a)-(6.18e) define a multistep algorithm for computing the out- 
put of the linear time-invariant system from the input sequence x[n]. This example 
illustrates the kind of data precedence relations that generally arise in the implementa- 
tion of IIR systems. Equations (6.18a)-(6.18e) cannot be computed in arbitrary order. 
Equations (6.18a) and (6.18~) require multiplications and additions, but Eqs. (6.1Sb) 
and (6.18e) simply rename variables. Equation (6.lSd) represents the "updating" of the 
memory of the system. It would be implemented simply by replacing the contents of 
the memory register representing w4[n] by the value of w2[n], but this would have to be 
done consistently either before or after the evaluation of all the other equations. Initial- 
rest conditions would be imposed in this case by defining w2[-1] = 0 or w4[0] = 0. 
Clearly, Eqs. (6.18a)-(6.18e) must be computed in the order given, except that the last 
two could be interchanged or Eq. (6.18d) could be consistently evaluated first. 

The flow graph represents a set of difference equations, with one equation being 
written at each node of the network. In the case of the flow graph of Figure 6.11, we 
can eliminate some of the variables rather easily to obtain the pair of equations 

which are in the form of Eqs. (6.15a) and (6.15b); i.e.. in direct form 11. Often, the 
manipulation of the difference equations of a flow graph is difficult when dealing with 
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the time-domain variables, due to feedback of delayed variables. In such cases, it is 
always possible to work with the z-transform representation, wherein all branches are 
simple gains. Problems 6.1-6.26 illustrate the utility of z-transform analysis of flow 
graphs for obtaining equivalent sets of difference equations. 

Example 6.3 Determination of  the  System Function 
from a Flow Graph 

To illustrate the use of the z-transform in determining the system function from a 
flow graph, consider Figure 6.12. The flow graph in this figure is not in direct form. 
Therefore, the system function cannot be written down by inspection of the graph. 
However, the set of difference equations represented by the graph can be written 
down by writing an equation for the value of each node variable in terms of the other 
node variables. The five equations are 

wi [n] = w4 [n] - ~ [ n ] ,  (6.20a) 

wj[n] = wz[n] + x[nl, 

wq[n] = wg[n - 11, 

y [n] = wz In]+ w4Enl. 

Figure 6.12 Flow graph not in standard direct form. 

These are the equations that would be used to implement the system in the form 
described by the flow graph. Equations (6.20a)-(6.20e) can be represented by the 
z-transform equations 

Y ( z )  = I.V2(2) + W4z) .  (6.21e) 
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$r"ei We can eliminate Wl(z) and W~(Z) from this set of equations by substituting Eq. (6.21a) 
I . .  ':: into Eq. (6.21b) and Eq. (6.21~) into Eq. (6.21d), obtaining 

W2(z) = a(W4(z) - X(z)), (6.22a) 

, , w4(z) = z-l(wz(z) + X(z)), (6.22b) 

i Y (2) = W2(z) + W4(z) - (6.22~) 

. j Equations (6.22a) and (6.22b) can be solved for W2(2) and W~(Z), yielding 

and substituting Eqs. (6.23a) and (6.23b) into Eq. (6.22~) leads to 

' Therefore, the system function of the flow graph of Figure 6.12 is 
i 

from which it follows that the impulse response of the system is 

and the direct form I flow graph is as shown in Figure 6.13. 

Figure 6.13 Direct form I equivalent of Figure 6.12. 

Example 6.3 shows how the z-transform converts the time-domain expressions, 
which involve feedback and thus are di£ficult to solve, into linear equations that can be 
solved by algebraic techniques. The example also illustrates that different flow graph 
representations define computational algorithms that require different amounts of com- 
putational resources. By comparing Figures 6.12 and 6.13, we see that the original im- 
plementation requires only one multiplication and one delay (memory) element, while 
the direct form I implementation would require two multiplications and two delay ele- 
ments. The direct form I1 implementation would require one less delay, but it still would 
require two multiplications. 
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6.3 BASIC STRUCTURES FOR IIR SYSTEMS 

In Section 6.1, we introduced two alternative structures for implementing a linear time- 
invariant system with system function as in Eq. (6.8). In this section we present the 
signal flow graph representations of those systems, and we also develop several other 
commonly used equivalent flow graph network structures. Our discussion will make 
it clear that, for any given rational system function, a wide variety of equivalent sets 
of difference equations or network structures exists. One consideration in the choice 
among these different structures is computational complexity. For example, in some 
digital implementations, structures with the fewest constant multipliers and the fewest 
delay branches are often most desirable. This is because multiplication is generally 
a time-consuming and costly operation in digital hardware and because each delay 
element corresponds to a memory register. Consequently, a reduction in the number 
of constant multipliers means an increase in speed, and a reduction in the number of 
delay elements means a reduction in memory requirements. 

Other, more subtle, trade-offs arise in VLSI implementations, in which the area 
of a chip is often an important measure of efficiency. Modularity and simplicity of data 
transfer on the chip are also frequently very desirable in such implementations. In 
multiprocessor implementations, the most important considerations are often related 
to partitioning of the algorithm and communication requirements between processors. 
Another major consideration is the effects of a finite register length and finite-precision 
arithmetic. These effects depend on the way in which the computations are organized, 
i.e., on the structure of the signal flow graph. Sometimes it is desirable to use a structure 
that does not have the minimum number of multipliers and delay elements if that 
structure is less sensitive to finite register length effects. 

In this section, we develop several of the most commonly used forms for imple- 
menting a linear time-invariant IIR system and obtain their flow graph representations. 

6.3.1 Direct Forms 

~ In Section 6.1. we obtained block diagram representations of the direct form I (Fig- 
I ure 6.3) and direct form 11, or canonic direct form (Figure 6.5), structures for a linear 

time-invariant system whose input and output satisfy a difference equation of the form 
N M 

y[n]  - E a k y [ n - k ]  = x 4 x [ n - k ] .  (6.26) 
k=l k=O 

with the corresponding rational system function 
M 

b k ~ - *  
k=O 

H(z)= N (6.27) 
1 - Caxrk 

k=l 

In Figure 6.14, the direct form I structure of Figure 6.3 is shown using signal Row graph 
conventions. and Figure 6.15 shows the signal flow graph representation of the direct 
form I1 structure of Figure 4.5. Again. we have assumed for convenience that N = &I. 
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i 

Figure 6.14 Signal flow graph of direct form I structure for an Nth-order system. 

I I I 
I I I 
I I I 

Figure 6.15 Signal flow graph of 
direct form II structure for an 
Nth-order system. 

!: 
Note that we have drawn the flow graph so that each node has no more than two inputs. fi 
A node in a signal flow graph may have any number of inputs, but, as indicated earlier, ii 
this two-input convention results in a graph that is more closely related to programs and 
architectures for implementing the computation of the difference equations represented 
by the graph. 

Example 6.4 Illustration o f  Direct Form I a n d  Direct 
Foam 11 Structures 

Consider the system function I* 

Since the coefficients in the direct form structures correspond directly to the coeffi- 
cients of the numerator and denominator polynomials (taking into account the minus 
sign in the denominator of Eq. (6.27)), we can draw these structures by inspection with 
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.-.- : reference to Figures 6.14 and 6.15. The direct form I and direct form I1 structures for 
this example are shown in Figures 6.16 and 6.17, respectively. 

Figure 6.16 Direct form I structure for Example 6.4. 

Figure 6.17 Direct form II structure for Example 6.4. 

6.3.2 Cascade Form 

The direct form structures were obtained directly from the system function H(z), written 
as a ratio of polynomials in the variable z-I as in Eq. (6.27). If we factor the numerator 
and denominator polynomials, we can express H(z) in the form 

'r I;' 
t L::: 
t 
F. . 

k=l  k=l 
,I .- 
,. .- . 

where M = MI + 2M2 and N = NI + 2N2. In this expression, the first-order factors .by. 
..' .. . .. . . . . C . 

represent real zeros at fk and real po!es at ck, and the second-order factors represent .;Q . :+ :<. 

complex conjugate pairs of zeros at gk and gz and complex conjugate pairs of poles at 
.?-: .,+! 1: ,..... 

dk and d,*. This represents the most general distribution of poles and zeros when all the . ,'!..? 
,.: ;*. ;:,5* 

coefficients in Eq. (6.27) are real. Equation (6.29) suggests a class of structures consisting -- 
of a cascade of first- and second-order systems. There is considerable freedom in the :j 1:: . ,. 
choice of composition of the subsystems and in the order in which the subsystems are .... 

c..:> 
~. " . 
.) . 
./ ':! cascaded. In practice, however, it is often desirable to implement the cascade realization $" 

using a minimum of storage and computation. A modular structure that is advantageous i 
<.:.:: . < 

I :  
I 



for many types of implementations is obtained by combining pairs of real factors and 
complex conjugate pairs into second-order factors so that Eq. (6.29) can be expressed as 

where Ns = L(N + 1)/2] is the largest integer contained in ( N  + 1)/2. In writing 
H(z) in this form, we have assumed that M 5 N and that the real poles and 
zeros have been combined in pairs. If there are an odd number of real zeros, one 
of the coefficients b2k will be zero. Likewise, if there are an odd number of real 
poles, one of the coefficients a2k will be zero. The individual second-order sections 
can be implemented using either of the direct form structures; however, the previous 
discussion shows that we can implement a cascade structure with a minimum num- 
ber of multiplications and a minimum number of delay elements if we use the direct 
form I1 structure for each second-order section. A cascade structure for a sixth-order 
system using three direct form I1 second-order sections is shown in Figure 6.18. The 
difference equations represented by a general cascade of direct form I1 second-order 
sections are of the form 

It is easy to see that a variety of theoretically equivalent systems can be obtained 
by simply pairing the poles and zeros in different ways and by ordering the second-order 

I 
I 

" sections in different ways. Indeed, if there are N, second-order sections, there are N,! 14, 

(Ns factorial) pairings of the poles with zeros and Ns! orderings of the resulting second- 
order sections, or a total of (Ns!)2 different pairings and orderings. Although these all 
have the same overall system function and corresponding input-output relation when 
infinite-precision arithmetic is used, their behavior with finite-precision arithmetic can 
be quite different, as we will see in Section 6.5. 
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Example 6.5 Illustration of Cascade Structures 

Let us again consider the system function of Eq. (6.28). Since this is a second-order 
system, a cascade structure with direct form I1 second-order sections reduces to the 
structure of Figure 6.17. Alternatively, to illustrate the cascade structure, we can use 
first-order systems by expressing H(z)  as a product of first-order factors, as in 

Since all of the poles and zeros are real, a cascade structure with first-order sections has 
. real coefficients. If the poles andlor zeros were complex, only a second-order section 

would have real coefficients. Figure 6.19 shows two equivalent cascade structures, each 
of which has the system function in Eq. (6.32). The difference equations represented 
by the flow graphs in the figure can be written down easily. Problem 6.22 is concerned 
with finding other, equivalent system configurations. 

Figure 6.19 Cascade structures for Example 6.5. (a) Direct form I subsections. 
(b) Direct form II subsections. 

A final comment should be made about our definition of the system function for 
the cascade form. As defined in Eq. (6.30), each second-order section has five constant 
multipliers. For comparison, let us assume that M = Nin H(z) as given by Eq. (6.27), and 
furthermore, assume that N is an even integer, so that N, = N/2. Then the direct form 
I and I1 structures have 2N + 1 constant multipliers, while the cascade form structure 
suggested by Eq. (6.30) has 5N/2 constant multipliers. For the sixth-order system in 
Figure 6.18, we require a total of 15 multipliers, while the equivalent direct forms would 
require a total of 13 multipliers. Another definition of the cascade form is 

where bo is the leading coefficient in the numerator polynomial of Eq. (6.27) and ! 
t -  
E. 
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Example 6.5 Illustration of Cascade Structures 
- 

Let us again consider the system function of Eq. (6.28). Since this is a second-order 
system, a cascade structure with direct form I1 second-order sections reduces to the 
structure of Figure 6.17. Alternatively, to illustrate the cascade structure, we can use 
first-order systems by expressing H(z)  as a product of first-order factors, as in 

Since all of the poles and zeros are real, a cascade structure with first-order sections has 
- real coefficients. If the poles and/or zeros were complex, only a second-order section 

would have real coefficients. Figure 6.19 shows two equivalent cascade structures, each 
of which has the system function in Eq. (6.32). The difference equations represented 

- by the flow graphs in the figure can be written down easily. Problem 6.22 is concerned 
with finding other, equivalent system configurations. 

Figure 6.19 Cascade structures for Example 6.5. (a) Direct form I subsections. 
(b) Direct form I1 subsections. 

A final comment should be made about our definition of the system function for 
the cascade form. As defined in Eq. (6.30), each second-order section has five constant 
multipliers. For comparison, let us assume that M = Nin H(z)  as given by Eq. (6.27), and 
furthermore, assume that N is an even integer, so that N, = N/2. Then the direct form 
I and 11 structures have 2N + 1 constant multipliers, while the cascade form structure 

, suggested by Eq. (6.30) has 5N/2 constant multipliers. For the sixth-order system in 
Figure 6.18, we require a total of 15 multipliers, while the equivalent direct forms would ' require a total of 13 multipliers. Another definition of the cascade form is 

where bo is the leading coefficient in the numerator polynomial of Eq. (6.27) and i i 
t -  e 
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1: 2 p>~. 
6ik = bik/bOk for i = 1 - 2  and k = 1,2, ..., N,. This form for H(z) suggests a cascade / /I ..i I! Ii?. 

..... of four-multiplier second-order sections, with a single overall gain constant bo. This ,. : . .  !:' 

cascade form has the same number of constant multipliers as the direct form structures. .. I,I,: ; 
As discussed in Section 6.8, the five-multiplier second-order sections are commonly 3 . . . I ,  : 

Ili: 

3 used when implemented with fixed-point arithmetic, because they make it possible to 
distribute the gain of the system and thereby control the size of signals at various critical 

i!j: 
ii fi* .(i. 

points in the system. When floating-point arithmetic is used and dynamic range is not a , .": 

4. 3 problem, the four-multiplier second-order sections can be used to decrease the amount 1 1, 
of computation. Further simplification results for zeros on the unit circle. In this case, .! !. 

I! 11'. &: 

62k = 1, and we require only three multipliers per second-order section. I; i ; .  ;; : 
... 4. 1; i1.4.. 

,;A t! 1: 1, 1; ,; 
, )>..I , I ,. ' 

6.3.3 Parallel Form I 
': 11' 
8 I$;./;.; 

As an alternative to factoring the numerator and denominator polynomials of H(z), !i k$.. $ 
we can express a rational system function as given by Eq. (6.27) or (6.29) as a partial i: .pp?:.* 

i! I 
:! 1.. 

fraction expansion in the form i!, 1,: 1iji.i : 
i 1 :.: y;.. . ,; 

1: 
where, as in the cascade form, Ns = L(N + 1)/2] is ?he largest integer contained in 

1 : 
(N+ 1)/2, and if Np = M - N is negative, the first sum is not present. A typical example $ -  

for N = M = 6 is shown in Figure 6.20. The general difference equations for the parallel 
form with second-order direct form I1 sections are ,, Lt *$ - 

1 A. 
! / %  

.... wk[n] = alkwk[n - 11 + a;?k~k[n - 21 + x[n], k = 1,2, N,, (6.36a) t 
8 i. 

. ' &  

where N = Nl + 2N2. If M 2 N, then Np = M - N; otherwise, the first summation , 
in Eq. (6.34) is not included. If the coefficients ak and bk are real in Eq. (6.27), then ,) 

the quantities Ak, Bk, Ck, ck, and ek are all real. In this form, the system function I ,. 

If M < rV, then the first summation in Eq. (6.36~) is not included. 

I ' 
?L$< 7 

,h.B ' 

$1 I$ 

can be interpreted as representing a parallel combination of first- and second-order I 

IIR systems, with possibly N, simple scaled delay paths. Alternatively, we may group ''I\ . 
; I  li 

the real poles in pairs, so that H(z)  can be expressed as I 11 t 
I 



Example 6.6 illustration of Paraillel-F~rm StrucBwres 

Consider again the system function used in Examples 6.4 and 6.5. For the parallel 
form, we must express H(z)  in the form of either Eq. (6.34) or Eq. (6.35). If we use 
second-order sections, 

- The parallel-form realization for this example with a second-order section is shown in 
Figure 6.21. 

Since all the poles arereal, we can obtain an alternative parallel form realization 
by expanding H(z)  as 

The resulting parallel form with first-order sections is shown in Figure 6.22. As in the 
general case, the difference equations represented by both Figures 6.21 and 6.22 can 
be written down by inspection. 
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Figure 6.21 Parallel-form structure for Example 6.6 using a second-order 
system. 

8 

Figure 6.22 Parallel-form structure for Example 6.6 using first-order systems. 

6.3.4 Feedback in IIR Systems 
1;; .. . All the flow graphs of this section have feedback loops; i-e., they have closed paths that 
, 1:: ; . 

begin at a node and return to that node by traversing branches only in the direction of : f r r  ::::$; 
their arrowheads. Such a structure in the flow graph implies that a node variable in a loop !..,., : 

I ... . .  
I : -. 

depends directly or indirectly on itself. A simple example is shown in Figure 6.23(a), i . ' !. i r. :~ . 

which represents the difference equation 

1 

Such loops are necessary (but not sufficient) to generate infinitely long impulse 
responses. This can be seen if we consider a network with no Feedback loops. In such a 
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(a) 

0 > 7 0 - - 
x [nl Y [nl 

a Figure 6.23 (a) System with feedback 
loop. (b) FIR system with feedback loop. 

(c) (c) Noncomputable system. 

case, any path from the input to the output can pass through each delay element only 
once. Therefore, the longest delay between the input and output would occur for a path 
that passes through all of the delay elements in the network. Thus, for a network with 
no loops, the impulse response is no longer than the total number of delay elements in 
the network. From this, we conclude that if a network has no loops, then the system 
function has only zeros (except for poles at z = O), and the number of zeros can be no 
more than the number of delay elements in the network. 

Returning to the simple example of Figure 6.23(a), we see that when the input is 
the impulse sequence, the single-input sample continually recirculates in the feedback 
loop with either increasing (if la1 > 1) or decreasing (if Ial < 1) amplitude due to 
nlultiplication by the constant a. so that the impulse response is h[n] = anu[n]. This is 
the way that feedback can create an infinitely long impulse response. 

If a system function has poles, a corresponding block diagram or signal flow graph 
will have feedback loops. On the other hand, neither poles in the system function nor 
loops in the network are sufficient for the impulse response to be infinitely long. Fig- 
ure 6.23(b) shows a network with a loop, but with an impulse response of finite length. 
This is because the pole of the system function cancels with a zero; i.e., for Figure 6.23(b), 

1 - a2z-2 (1 - az- ')( l+ az-I) 
= + az-l. - - (6.40) H(z)  = I - az-l 1 - az-1 

The impulse response of this system is h[n]  = S[n] + aS[n - I]. The system is a simple 
example of a general class of FIR systems called frequency-sampling systems. This class 

k 
of systems is considered in more detail in Problems 6.30 and 6.37. 1 

i F ' '  
Loops in a network pose special problems in implementing the computations 5 i implied by the network. As we have discussed. i t  must be possible to compute the -- 

node variables in a network in sequence such that all necessary values are available 
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when needed. In some cases, there is no way to order the computations so that the 
node variables of a flow graph can be computed in sequence. Such a network is called 
noncomputable (Crochiere and Oppenheim, 1975). A simple noncomputable network 
is shown in Figure 6.23(c). The difference equation for this network is 

~ [ n l  = a ~ [ n l  + x[nl. (6.41) 

In this form, we cannot compute y[n] because the right-hand side of the equation 
involves the quantity we wish to compute. The fact that a flow graph is noncomputable 
does not mean the equations represented by the flow graph cannot be solved; indeed, 
the solution to Eq. (6.41) is y[n] = x[n ] / ( l  - a). It simply means that the flow graph 
does not represent a set of difference equations that can be solved successively for 
the node variables. The key to the computability of a flow graph is that all loops must 
contain at least one unit delay element. Thus, in manipulating flow graphs representing 
implementations of linear time-invariant systems, we must be careful not to create delay- 
free loops. Problem 6.28 deals with a system having a delay-free loop. Problem 7.45 
shows how a delay-free loop can be introduced. 

F 6.4 TRANSPOSED FORMS 
1 

The theory of linear signal flow graphs provides a variety of procedures for transforming 
such graphs into different forms while leaving the overall system function between 
input and output unchanged. One of these procedures, called flow graph reversal or 
transposition, leads to a set of transposed system structures that provide some useful 
alternatives to the structures discussed in the previous section. 

Transposition of a flow graph is accomplished by reversing the directions of all 
branches in the network while keeping the branch transmittances as they were and 
reversing the roles of the input and output so that source nodes become sink nodes and 
vice versa. For single-input, single-output systems, the resulting flow graph has the same 
system function as the original graph if the input and output nodes are interchanged. 
Although we will not formally prove this result here,* we will demonstrate that it is 
valid with two examples. 

Example 6.7 lkansposed Form for a First-Order System 
with No Zeroes 

. . .  The first-order system corresponding to the flow graph in Figure 6.24 has system 
. :  function 

1 
. . H ( 4  = 1 - oz-'. 

(6.42) 
. , 

To obtain the transposed form for this system, we reverse the directions of all the 
branch arrows, taking the output where the input was and injecting the input where 
the output was. The result is shown in Figure 6.25. It is usually convenient to draw the 
transposed network with the input on the left and the output on the right: as shown in 
Figure 6.26. Comparing Figures 6.24 and 6.26 we note that the only difference is that 
in Figure 6.24 we multiply the tlelnyeti output sequence y[n - 11 by the coefficient a, 

a:; 

-- 
' . B 

"he theorem follows directly from Mason's ~ n i n  formula of signal flow graph theory (See Mason and 
Zimmcrmann. 1960: Chow and Cassignol. 1962: o r  Phillips and Nasle. 1995.) 
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7 

Figure 6.24 Flow graph of simple first-order system. 

Figure 6.25 Transposed form of Figure 6.24. 

Figure 6.26 Structure of Figure 6.25 redrawn with input on left. 

whereas in Figure 6.26 we multiply the output y[n] by the coefficient a and then delay 
the resulting product. Since the two operations can be interchanged, we can conclude 
by inspection that the original system in Figure 6.24 and the corresponding transposed 
system in Figure 6.26 have the same system function. 

In Example 6.7, it is straightforward to see that the original system and its transpose 
have the same system function. However, for more complicated graphs, the result is 
often not so obvious. This is illustrated by the next example. 

Example 6.8 ?lansposed Form for a Basic 
Second-Order Section 

Consider the basic second-order section depicted in Figure 6.27. The corresponding 
difference equations for this system are 

w[n] = alw[n - 11 + azw[n - 21 + x[n], (6.43a) 

y[n] = bow[n] + blw[n - 11 + bzw[n - 23. (6.43b) 

The transposed flow graph is shown in Figure 6.28; its corresponding difference equa- 
tioos are 

' ,. 
vo[n] = box[n] + vl[n - 11, (6.44a) 

y[nl = vo[nl, (6.44b) 

v ~ [ n l  = aly[nI + blx[nl+ vz[n - 11, (6.44~) 

v2 [n] = a2 y [n] + b2x[n]. (6.443) 

Equations (6.43a)-(6.43b) and Eqs. (6.44a)-(6.44d) are different ways to orga- 3 " 
nize the computation of the output samples y[n] from the input samples x[tz], and n' k 

I .  
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Figure 6.27 Direct form I 1  structure for Example 6.8. 

Figure 6.28 Transposed direct form I I  structure for Example 6.8. 

it is not immediately clear that the two sets of difference equations are equivalent. 
One way to show this equivalence is to use the z-transform representations of both 
sets of equations, solve for the ratio Y ( z ) / X ( z )  = H(z) in both cases, and compare the 
results. Another way is to substitute Eq. (6.44d) into Eq. (6.44c), substitute the result 
into Eq. (6.44a), and finally, substitute that result into Eq. (6.44b). The final result is 

Since the network of Figure 6.27 is a direct form I1 structure, it is easily seen that 
the input and output of the system in Figure 6.27 also satisfies the difference equa- 
tion (6.45). Therefore, for initial-rest conditions, the systems in Figures 6.27 and 6.28 
are equivalent. 

The transposition theorem can be applied to any of the structures that we have 
discussed so far. For example, the result of applying the theorem to the direct form I 
structure of Figure 6.14 is shown in Figure 6.29, and similarly, the structure obtained by 
transposing the direct form I1 structure of Figure 6.15 is shown in Figure 6.30. Clearly, 
if a signal flow graph configuration is transposed, the number of delay branches and the 
number of coefficients remain the same. Thus, the transposed direct form I1 structure 
is also a canonic structure. 

An important point becomes evident through a comparison of Figures 6.15 and 
6.30. Whereas the direct form I1 structure implements the poles first and then the 
zeros, the transposed direct form I1 structure implements the zeros first and then the 
poles. These differences can become important in the presence of quantization in finite- 
precision digital implementations or in the presence of noise in discrete-time analog 
implementations. 

When the transposition theorem is applied to cascade or parallel structures, the 
individual second-order systems are replaced by transposed structures. For esample, 
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I I I 
I I I 
I I I 

Figure 6.29 General flow graph resultingfrom applying the transposition theorem 
to the direct form I structure of Figure 6.14. 

7,  

I I I 
I I I 
I I I 

Figure 6.30 General flow graph 
resulting from applying the transposition 
theorem to the direct form I I  structure of 

applying the transposition theorem to Figure 6.18 results in a cascade of three transposed 
direct form I1 sections (like the one in Example 6.8) with the same coefficients as in 
Figure 6.18, but with the order of the cascade reversed. A similar statement can be made 
about the transposition of Figure 6.20. 

The transposition theorem further emphasizes that an infinite variety of imple- 
mentation structures exists for any given rational system function. The transposition 
theorem provides a simple procedure for generating new structures. The problems of 

.' I implementing systems with linite-precision arithmetic have motivated the development 
; of many more classes of equivalent structures than we can discuss here. Thus, we con- 

centrate only on the most commonly used structures. 

6.5 BASIC NETWORK STRUCTURES FOR FIR SYSTEMS 

The direct, cascade, and parallel-form structures discussed in Sections 6.3 and 6.4 are 
the most common basic structures for IIR systems. These structures were developed t *  

L -- 
under the assumption that the system function had both poles and zeros. Although the 1 
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Figure 6.31 Direct-form realization of 

Figure 6.32 Transposition of the network of Figure 6.31. 

direct and cascade forms for TLR systems include FIR systems as a special case, there 
are additional specific forms for FIR systems. 

6.5.1 Direct Form 

&>;y.;. M 
@: y[n] = 1 bkx[n - k] .  (6.46) . ; , > .  .? 
iir ., ,?- 5:;:: k=O . . 
t.::,. 

- . 
Cf-. $:-?. :. .< 
,:., 

;&,:L:. 
. . 

- .  This can be recognized as the discrete convolution of x[n] with the impulse response w. .: 
?.<:,".-.. 

b,, n=0,1 ,  ..., M, h[n] = 0 otherwise. 

In this case, the direct form I and direct form I1 structures in Figures 6.14 and 6.15 both 
$?@; > .  
p.. ' reduce to the direct-form FIR structure shown in Figure 6.31. Because of the chain of 
, +  .: p*, 
*F&. 

delay elements across the top of the diagram, this structure is also referred to as a tapped 

p.; s.;? 

delay line structure or a transversalfilter structure. As seen from Figure 6.31, the signal 
,: "<.... <a,'., 

G~ t3;:< at each tap along this chain is weighted by the appropriate coefficient (impulse-response 

kF2;, GJ,&L~ 
value), and the resulting products are summed to form the output y[n]. p:. . 

*;;%; ,. 

The transposed direct form for the FIR case is obtained by applying the transpo- 
-:A'-- ~1. - _--. ~.. I _  P: L 3 4  -- 1---1--11_. 1-_.  LA^-. _ A*. _ _ _  -LC_~_..L- _ A _  Z- 
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2-I " ,, z-I " i L  

Figure 6.33 Cascade-form realization of an FIR system. 

where M, = L(M + 1)/2J is the largest integer contained in (M + 1)/2. If M is odd, one 
of the coefficients bZk will be zero, since H(z)  in that case would have an odd number 
of real zeros. The flow graph representing Eq. (6.48) is shown in Figure 6.33, which is 
identical in form to Figure 6.18 with the coefficients a l k  and a-,k all zero. Each of the 
second-order sections in Figure 6.33 uses the direct form shown in Figure 6.31. Another 
alternative is to use transposed direct-form second-order sections or, equivalently, to 
apply the transposition theorem to Figure 6.33. 

6.5.3 Structures for Linear-Phase FIR Systems 

In Chapter 5, we showed that causal FIR systems have generalized linear phase if the 
impulse response satisfies the symmetry condition 

h[M-n]=h[n] n = 0 , 1 ,  .... M (6.49a) 
or 

h[M - n] = -h[n] n = 0,1, .... M. (6.49b) 

With either of these conditions, the number of coefficient multipliers can be essen- 
tially halved. To see this, consider the following manipulations of the discrete convolu- 
tion equation, assuming that M is an even integer corresponding to type I or type 111 
systems: 

M 

M/2-1 M/2-1 

= h[k]x[n - k] + h[M/2]x[n - M/2] + 1 h[M - k]x[n - M + k]. 
k=O k=O 

For type I systems, we use Eq. (6.49a) to obtain 
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1 ,I( 

I !/i, 
For type I11 systems, we use Eq. (6.49b) to obtain 11 

M/2-1 
(6.51) y[n] = h[k](x[n-k]-x[n- M+k]). 

k=O !I 
For the case of M an odd integer, the corresponding equations are, for type I1 systems, 

t i .  ,. . 

(M-1)/2 .' ' \* 
C.- 

. . 
y[n] = h[k](x[n- k]+x[n- M+k]) (6.52) I . ,: : j i  :. , 

k=O ,i:. 

S '  . 
and, for type IV systems, ,,.,,. :!>. ,.. . 

j': i3 
(M-1112 

(6.53) 
' j  . I  

y[n] = h[k](x[n- k] -x[n- M+k]). . y 
. L 

k=O >. :- 
,, :: :s:. 

> {,\ $ 
Equations (6.50)-(6.53) imply structures with either M/2 + 1, M/2, or (M + 1)/2 . .;.:I 

! :;3 
coefficient multipliers, rather than the M coefficient multipliers of the general direct- .., . . . 

form structure of Figure 6.31. Figure 6.34 shows the structure implied by Eq. (6.50), and , ?  . . 
.. 

Figure 6.35 shows the structure implied by Eq. (6.52). t .I:.+:; ! < .  

In our discussion of linear-phase systems in Section 5.7.3, we showed that the / I :;. r*L 

1 ! '  
symmetry conditions of Eqs. (6.49a) and (6.49b) cause the zeros of H(z) to occur in 1 . ,:! , .. .. . 

mirror-image pairs. That is, if zo is a zero of H(z), then l / zo  is also a zero of H(z). I .  
' , i LC' '  
1 ' ;c  

Furthermore, if h[n] is real, then the zeros of H(z) occur in complex-conjugate pairs. ,I .. ... ?.A,. 
i 8 .  . 

Figure 6.34 Direct-form structure for 
an FIR linear-phase system when M is 
an even integer. 

Figure 6.35 Direct-form Structure for an FIR linear-phase system when M is an 
odd integer. 
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I 1 Figure 6.36 Symmetry of zeros for a 
'1 linear-phase FIR filter. 

As a consequence, real zeros not on the unit circle occur in reciprocal pairs. Complex 
zeros not on the unit circle occur in groups of four, corresponding to the complex con- 
jugates and reciprocals. If a zero is on the unit circle, its reciprocal is also its conjugate. 
Consequently, complex zeros on the unit circle are conveniently grouped into pairs. 
Zeros at z = f 1 are their own reciprocal and complex conjugate. The four cases are 
summarized in Figure 6.36, where the zeros at zl, z;, l/zl, and l/z; are considered as a 
group of four. The zeros at 22 and l/z2 are considered as a group of two, as are the zeros 
at z3 and 2;. The zero at z4 is considered singly. If H(z)  has the zeros shown hFigure 6.36, 
it can be factored into a product of first-, second-, and fourth-order factors. Each of these 
factors is a polynomial whose coefficients have the same symmetry as the coefficients 
of H(z); i.e., each factor is a linear-phase polynomial in z-'. Therefore, the system can 
be implemented as a cascade of first-, second-, and fourth-order systems. For example, 
the system function corresponding to the zeros of Figure 6.36 can be expressed as 

where 

This representation suggests a cascade structure consisting of linear-phase elements. It 
can be seen that the order of the system function polynomial is M = 9 aud the number 
of different coefficient multipliers is five. This is the same number ((M + 1)/2 = 5 )  
of constant multipliers required for implementing the system in the linear-phase di- 
rect form of Figure 6.34. Thus, with no additional multiplications, we obtain a modular 

' structure in terms of a cascade of short linear-phase FIR systems. 

6.6 OVERVIEW OF FINITE-PRECISION NUMERICAL EFFECTS 

LVe have seen that a particular linear time-invarinnt discrete-time system can be im- 
plemented by a variety of computational structures. One motivation for considering 
alternatives to the simple direct-form structures is that different structures that are the- 
or.etically equivalent may behave differently ~vhen implemented with finite numerical 
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{ precision. In this section, we give a brief introduction to the major numerical problems 
that arise in implementing discrete-time systems. A more detailed analysis of these 
finite-word-length effects is given in Sections 6.7-6.9. 

6.6.1 Number Representations 

In theoretical analyses of discrete-time systems, we generally assume that signal values 
and system coefficients are represented in the real-number system. However, with ana- 
log discrete-time systems, the limited precision of the components of a circuit makes 
it difficult to realize coefficients exactly. Similarly, when implementing digital signal- 
processing systems, we must represent signals and coefficients in some digital number 
system that must always be of finite precision. Most general-purpose digital computers, 
DSP chips, or special-purpose hardware use a binary number system. 

The problem of finite numerical precision has already been discussed in Sec- 
tion 4.8.2 in the context of AD conversion. We showed there that the output samples 
from an A / D  converter are quantized and thus can be represented by fixed-point binary 
numbers. For compactness and simplicity in implementing arithmetic, one of the bits 
of the binary number is assumed to indicate the algebraic sign of the number. Formats 
such as sign and magnitude, one's complement, and two's complement are possible, but 
two's complement is most common.3 A real number can be represented with infinite 
precision in two's-complement form as 

where Xm is an arbitrary scale factor and the bi7s are either 0 or 1. The quantity bo is 
referred to as the sign bit. If bo = 0, then 0 5 x ( X,, and if bo = 1, then -Xm 5 x < 0. 
Thus, any real number whose magnitude is less than or equal to Xm can be represented 
by Eq. (6.55). An arbitrary real number x would require an infinite number of bits for 
its exact binary representation. As we saw in the case of A D  conversion, if we use only 
a finite number of bits (B + 1 ), then the representation of Eq. (6.55) must be modified 

The resulting binary representation is quantized, so that the smallest difference between 
numbers is 

A = ~,2-~. (6.57) 

In this case, the quantized numbers are in the range -Xm 5 4 < Xm. The fractional 
part of 4 can be represented with the positional notation 

. t ~  = bOoblb2b3 - . . bs, (6.58) 

k where o represents the binary point. 

'A detailed description of binary number systems and corresponding arithmetic is given by Knuth 
( 1  907) 
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Figure 6.37 Nonlinear relationships 
representing two's-complement 
(a) rounding and (b) truncation 

(b) for B = 2. 

The operation of quantizing a number to (B + 1) bits can be implemented by 
rounding or by truncation, but in either case quantization is a nonlinear memory- 
less operation. Figures 6.37(a) and 6.37(b) show the input-output relation for two's- 

e = QB[x] - x.  

For the case of two's-complement rounding, -A12 < e 5 A/2, and for two's- 
complement truncation, -A < e _( o . ~  

4Note that Eq. (6.56) also represents the result of  rounding or truncating any ( B I  + 1)-bit binary / I-. 
representation. where B1 > B. In this case A .would be replaced by (4 - , Y , , ~ - ~ I )  in the bounds on the size - 
of the quantization error. .%I: 

:. 
, .C 

* - '  : 
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If a number is larger than X, (a situation called an overflow), we must implement 
some method of determining the quantized result. In the two's-complement arithmetic 
system, this need arises when we add two numbers whose sum is greater than X,. For 
example, consider the 4-bit two's-complement number 0111, which in decimal form is 7. 
If we add the number 0001, the carry propagates all the way to the sign bit, so that the re- 
sult is 1000, which in decimal form is -8. Thus, the resulting error can be very large when 
overflow occurs. Figure 6.38(a) shows the two's-complement quantizer, including the 

9A 7A 5A x 

(b) 

Figure 6.38 Two's-complement rounding. (a) Natural overflow. (b) Saturation. 
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effect of regular two's-complement arithmetic overflow. An alternative, which is called 
saturation overflow or clipping, is shown in Figure 6.38(b). This method of handling over- 
flow is generally implemented for A/D conversion, and it sometimes is implemented in 
specialized DSP microprocessors for the addition of two's-complement numbers. With 
saturation overflow, the size of the error does not increase abruptly when overflow 
occurs; however, a disadvantage of the method is that it voids the following interest- 
ing and useful property of two's-complement arithmetic: If several two's-complement 
numbers whose sum would not oveflow are added, then the result of two's-complement 
accumulation of these numbers is correct, even though intermediate sums might over- 
flow. 

Both quantization and overflow introduce errors in digital representations of num- 
bers. Unfortunately, to minimize overflow while keeping the number of bits the same, 
we must increase X, and thus increase the size of quantization errors proportionately. 
Hence, to simultaneously achieve wider dynamic range and lower quantization error, 
we must increase the number of bits in the binary representation. 

So far, we have simply stated that the quantity X, is an arbitrary scale factor; 
however, this factor has several useful interpretations. In AID conversion, we considered 
Xm to be the full-scale amplitude of the A/D converter. In this case, X, would probably 
represent a voltage or current in the analog part of the system. Thus, X, serves as a 
calibration constant for relating binary numbers in the range -1 5 2B c 1 to analog 
signal amplitudes. 

In digital signal-processing implementations, it is common to assume that all signal 
variables and all coefficients are binary fractions. Thus, if we multiply,a (B+l)-bit signal 
variable by a (B + 1)-bit coefficient, the result is a (2B + 1)-bit fraction that can be 
conveniently reduced to (B+ 1) bits by rounding or truncating the least significant bits. 
With this convention, the quantity X, can be thought of as a scale factor that allows the 
representation of numbers that are greater than unity in magnitude. For example, in 
fixed-point computations, it is common to assume that each binary number has a scale 
factor of the form Xm = 2". Accordingly, a value c = 2 implies that the binary point is 
actually located between bz and b3 of the binary word in Eq. (6.55). Often, this scale 
factor is not explicitly represented; instead, it is implicit in the implementati~n program 
or hardware architecture. 

Still another way of thinking about the scale factor Xm leads to the floating-point 
representations, in which the exponent c of the scale factor is called the characteristic 
and the fractional part 2B is called the mantissa. The characteristic and the mantissa 
are each represented explicitly as binary numbers in floating-point arithmetic systems. 
Floating-point representations provide a convenient means for maintaining both a wide 
dynamic range and a small quantization noise; however, quantization error manifests 
itself in a somewhat different way. 

6.6.2 Quantization in Implementing Systems 

Numerical quantization affects the implementation of linear time-invariant discrete- 
time systems in several ways. As a simple illustration, consider Figure 6.39(a), which f 
shows a block diagram for a system in which a bandlimited continuous-time signal x,(t) 1: 5 - 7  

c : 

is sampled to obtain the sequence s[n]. which is the input to a linear time-invariant 1 . ! . :  -.. 

i .  ?.b ' . *. .. , kjj 
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Figure 6.39 Implementation of discrete-time filtering of an analog signal. 
(a) Ideal system. (b) Nonlinear model. (c) Linearized model. 

i, 
, .  . 
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system whose system function is 
1 

The output of this system, y[n], is converted by ideal bandlimited interpolation to the 
bandlimited signal y,(t). 

A more realistic model is shown in Figure 6.39(b). In a practical setting, sampling 
would be done with an AID converter with finite precision of (Bi + 1) bits. The sys- 
tem would be implemented with binary arithmetic of (B + 1) bits. The coefficient a in 
Figure 6.39(a) would be represented with (B + 1) bits of precision. Also, the delayed 
variable G[n - 11 would be stored in a (B + 1)-bit register, and when the (B + 1)-bit 
number G[n - 11 is multiplied by the ( B  + 1)-bit number ii, the resulting product would 

+ ''a 

Y C  (0 

v[nl Y [ ~ I  
+ U D  r + 

xc (0 
t n t i. 

D/C 
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be (2B + 1) bits in length. If we assume that a ( B  + 1)-bit adder is used, the product 
iP[n - 11 must be quantized (i.e., rounded or truncated) to (B + 1) bits before it can 
be added to the (Bi + 1)-bit input sample i [n] .  When Bi < B, the (Bi + 1) bits of the 
input samples can be placed anywhere in the (B + 1)-bit binary word with appropriate 
extension of the sign. Different choices correspond to different scalings of the input. 
The coefficient a has been quantized, so leaving aside the other quantization errors, 
the system response cannot in general be the same as in Figure 6.39(a). Finally, the 
( B  + 1)-bit samples O[n], computed by iterating the difference equation represented 
by the block diagram, would be converted to an analog signal by a (Bo + 1)-bit D/A 
converter. When Bo < B, the output samples must be quantized before DIA conver- 
sion. 

Although the model of Figure 6.39(b) could be an accurate representation of a real 
system, it would be difficult to analyze. The system is nonlinear due to the quantizers 
and the possibility of overflow at the adder. Also, quantization errors are introduced 
at many points in the system. The effects of these errors are impossible to analyze 
precisely, since they depend on the input signal, which we generally consider to be 
unknown. Thus, we are forced to adopt several different approximation approaches to 
simplify the analysis of such systems. 

The effect of quantizing the system parameters, such as the coefficient a in Fig- 
ure 6.39(a), is generally determined separately from the effect of quantization in data 
conversion or in implementing difference equations. That is, the ideal coefficients of a 
system function are replaced by their quantized values, and the resulting response func- 
tions are tested to see whether quantization has degraded the performance of the system 
to unacceptable levels. For the example of Figure 6.39, if the real number a is quantized 
to (B + 1) bits, we must consider whether the resulting system with system function 

is close enough to the desired system function H(z)  given by Eq. (6.60). Since there 
are only 2B+1 different (B + 1)-bit binary numbers, the pole of H(z)  can occur only at 
2Bf1 locations on the real axis of the z-plane. This type of analysis is discussed in more 
general terms in Section 6.7. 

The nonlinearity of the system of Figure 6.39(b) causes behavior that cannot occur 
in a linear system. Specifically, systems such as this can exhibit zero-input limit cycles, 
whereby the output oscillates periodically when the input becomes zero after having 
been non-zero. Limit cycles are caused both by quantization and by overflow. Although 
the analysis of such phenomena is difficult, some useful approximate results have been 

"? 
developed. Limit cycles are discussed briefly in Section 6.9. 

If care is taken in the design of a digital implementation, we can ensure that 
overflow occurs only rarely and quantization errors are small. Under these conditions, 
the system of Figure 6.39(b) behaves very much like a linear system (with quantized 
coefficients) in which quantization errors are injected at the input and output and at 
internal points in the network where rounding or truncation occurs. Therefore, we can 
replace the model of Figure 6.39(b) by the linearized model of Figure 6.39(c), where 
the quantizers are replaced by additive noise sources (Gold and Rader, 1969; Jackson, 
1970a, 1970b). Figure 6.39(c) is equivalent to Figure 6.39(b) i f  we know each of the 
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noise sources exactly. However, as discussed in Section 4.8.3, useful results are obtained 
if we assume a random noise model for the quantization noise in AD conversion. 
This same approach can be used in analyzing the effects of arithmetic quantization in 
digital implementations of h e a r  systems. As seen in Figure 6.39(c), each noise source 
injects a random signal that is processed by a different part of the system, but since 
we assume that all parts of the system are linear, we can compute the overall effect by 
superposition. In Section 6.8, we illustrate this style of analysis for several important ir  I ;<: *:~.,+ 

Q, systems. !i ,+..: 
:. t i . '  ' ' . . .  

In the simple example of Figure 6.39, there is little flexibility in the choice of ., ,, , & ;, !j;. j.. 
6 ' : ;, +' 

structure. However, for higher order systems, we have seen that there is a wide variety i. 
of choices. Some of the structures are less sensitive to coefficient quantization than 1.6: :,;,< . 

> .4. 

-. . . others. Similarly, because different structures have different quantization noise sources lib%$ 
;:?' 

and because these noise sources are filtered in different ways by the system, we will find L 

that structures which are theoretically equivalent sometimes perform quite differently 
when finite-precision arithmetic is used to implement them. 

: .. 
@:f C.. , 
;;f<;. k*,I 
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~ 3 :  6.7 THE EFFECTS O F  COEFFICIENT QUANTIZATION 83- 
?'*:L;: 
&: .-..- -. .. ' Linear time-invariant discrete-time systems are generally used to perform a filtering 

I;:. 
%>, 
.T? .. . - .  .,. .. . 

operation. Methods for designing FIR and IIR filters are discussed in Chapter 7. These ; i,:. ;; ,,,: ;.*. . 
, ,:. 6;:; 

design methods typically assume a particular form for the system function. The result i /$$i&$ 
"'.:. , 

of the filter design process is a system function for which we must choose an imple- 1; &&g 
I I iq;.. I:.:?: 

mentation structure (a set of difference equations) from idnitely many theoretically 1C*.$;: 
equivalent implementations. Although we are almost always interested in implemen- : ,; !::.$-, d{.r+$ 

tations that require the least hardware or software complexity, it is not always possible [,.?,.,;,,. ,if .:3$-; 
. ' 

to base the choice of implementation structure on this criterion alone. As we will see in :,<?:: .. 
.. .; ' . Section 6.8, the implementation structure determines the quantization noise generated .. I :.*.* .! - .  I .. 

internally in the system. Also, some structures are more sensitive than others to pertur- . ... 

bations of the coefficients. As we pointed out in Section 6.6, the standard approach to . .  . . . . 

the study of these issues is to treat them independently. In this section, we consider the , . . .*... .. 11:: . y  : 
effects of quantizing the system parameters. ii, a . .: . .  .. 

. 

; , gpi.* -.. ., i 
i $1 ;:., 
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6.7.1 Effects o f  Coefficient Quantization i n  liR Systems ;It?;2 I #[A& !jt::.;.; '.$ 

When the parameters of arational system function or corresponding difference equation , ,I.-.. ...... : j  pi: :? 5 
are quantized, the poles and zeros of the system function move to new positions in the 

l i @:. .:iT4 
z-plane. Equivalently, the frequency response is perturbed from its original value. If the 

:$I ; ,  ; b~i;,,.: : , 

system implementation structure is highly sensitive to perturbations of the coefficients, ! I+,;! i;:. : ;... .:.:; 
. A,:;. L . r 

the resulting system may no longer meet the original designspecifications, or an IIR sys- ' ,.<::. k.: ;,& , .., 

tem might even become unstable. : a . 1 . .  . . . .  . .  ' 

:<.,',.$;$ <. 

A detailed sensitivity analysis for the general case is complex and usually of limited I .I G ,  .. ,..,. 
,.: ,..; 

value in specific cases of digital filter implementation. Using powerful simulation tools, it <, . 
{. .'." '. 

is usually easiest to simply quantize the coefficients of the difference equations employed I . . .  
. : ,.,: i I. 

.x:,5 . '? 
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