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DISCRETE-TIME SIGNALS

AND SYSTEMS

2.0 INTRODUCTION

The term signal is generally applied to something that conveys information. Signals
generally convey information about the state or behavior of a physical system, and
often, signals are synthesized for the purpose of communicating information between
humans or between humans and machines. Although signals can be represented in many
ways, in all cases the information is contained in some pattern of variations. Signals are
represented mathematically as functions of one or more independent variables. For
example, a speech signal is represented mathematically as a function of time, and a
photographic image is represented as a brightness function of two spatial variables. A
common convention-and one that usually will be followed in this book-is to refer
to the independent variable of the mathematical representation of a signal as time,
although in specific examples the independent variable may in fact not represent time.

The independent variable in the mathematical representation of a signal may be
either continuous or discrete. Continuous-time signals are defined along a continuum
of times and thus are represented by a continuous independent variable. Continuous
time signals are often referred to as analog signals. Discrete-time signals are defined at
discrete times, and thus, the independent variable has discrete values; i.e., discrete-time
signals are represented as sequences of numbers. Signals such as speech or images may
have either a continuous- or a discrete-variable representation, and if certain conditions
hold, these representations are entirely equivalent. Besides the independent variables
being either continuous or discrete, the signal amplitude may be either continuous or
discrete. Digital signals are those for which both time and amplitude are discrete.

Signal-processing systems may be classified along the same lines as signals. That
is, continuous-time systems are systems for which both the input and the output are
8
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continuous-time signals, and discrete-time systems are those for which both the input
and the output are discrete-time signals. Similarly, a digital system is a system for which
both the input and the output are digital signals. Digital signal processing, then, deals
with the transformation of signals that are discrete in both amplitude and time. The
principal focus in this book is on discrete-time (rather than digital) signals and systems.
However, the theory of discrete-time signals and systems is also exceedingly useful for
digital signals and systems, particularly if the signal amplitudes are finely quantized. The
effects of signal amplitude quantization are considered in Sections 4.8, 6.7-6.9, and 9.7.

Discrete-time signals may arise by sampling a continuous-time signal, or they may
be generated directly by some discrete-time process. Whatever the origin of the discrete
time signals, discrete-time signal-processing systems have many attractive features. They
can be realized with great flexibility with a variety of technologies, such as charge
transport devices, surface acoustic wave devices, general-purpose digital computers, or
high-speed microprocessors. Complete signal-processing systems can be implemented
using VLSI techniques. Discrete-time systems can be used to simulate analog systems
or, more importantly, to realize signal transformations that cannot be implemented
with continuous-time hardware. Thus, discrete-time representations of signals are often
desirable when sophisticated and flexible signal processing is required.

In this chapter, we consider the fundamental concepts of discrete-time signals and
signal-processing systems for one-dimensional signals. We emphasize the class of linear
time-invariant discrete-time systems. Many of the properties and results that we derive
in this and subsequent chapters will be similar to properties and results for linear time
invariant continuous-time systems, as presented in a variety of texts. (See, for example,
Oppenheim and Willsky, 1997.) In fact, it is possible to approach the discussion of
discrete-time systems by treating sequences as analog signals that are impulse trains. This
approach, if implemented carefully, can lead to correct results and has formed the basis
for much of the classical discussion of sampled data systems. (See, for example, Phillips
and Nagle, 1995.) However, not all sequences arise from sampling a continuous-time
signal, and many discrete-time systems are not simply approximations to corresponding
analog systems. Furthermore, there are important and fundamental differences between
discrete- and continuous-time systems. Therefore, rather than attempt to force results
from continuous-time system theory into a discrete-time framework, we will derive
parallel results starting within a framework and with notation that is suitable to discrete
time systems. Discrete-time signals will be related to continuous-time signals only when
it is necessary and useful to do so.

2.1 DISCRETE-TIME SIGNALS: SEQUENCES

Discrete-time signals are represented mathematically as sequences of numbers. A se
quence of numbers x, in which the nth number in the sequence is denoted x[n],l is
formally written as .

x = {x(nJ}, -co < n < co, (2.1)

where n is an integer. In a practical setting, such sequences can often arise from periodic

IA sequence is simply a function whose domain is the set of integers. :'\ote that we use [ ] to enclose
the independent variable of such functions. and we use ( ) to enclose the imkpendenl variable of continuous
variable functions.
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sampling of an analog signal. In this case, the numeric value of the nth number in the
sequence is equal to the value of the analog signal, xa(t), at time nT; i.e.,

x[n] = xa(nT), -(X) < n < 00. (2.2)

The quantity T is called the sampling period, and its reciprocal is the sampling fre

quency. Although sequences do not always arise from sampling analog waveforms, it is
convenient to refer to x[n] as the "nth sample" of the sequence. Also, although, strictly
speaking,x[n] denotes the nth number in the sequence, the notation ofEq. (2.1) is often
unnecessarily cumbersome, and it is convenient and unambiguous to refer to "the se
quence x[n]" when we mean the entire sequence, just as we referred to the "analog signal
xa(t).".Discrete-time signals (i.e., sequences) are often depicted graphically as shown in
Figure 2.1. Although the abscissa is drawn as a continuous line, it is important to recog
nize that x[ n lis defined only for integer values of n. It is not correct to think of x[ n] as
being zero for n is not an integer; x[n] is simply undefined for noninteger values of n.

X [-I] x[O]

X [-2]• T i tx[l]
X [2]

x[n]

n Figure 2.1 Graphical representation of
a discrete-time signal.

As an example, Figure 2.2( a) shows a segment of a speech signal corresponding to
acoustic pressure variation as a function of time, and Figure 2.2(b) presents a sequence

~
32ms

(a)

1

i
~
I

256 samples

(b)

Figure 2.2 (a) Segment of a continuous-time speech signal. (b) Sequence of samples
obtained from part (a) with T = 125 MS.



Sec. 2.1 Discrete-Time Signals: Sequences 11

of samples of the speech signal. Although the original speech signal is defined at all
values of time t, the sequence contains information about the signal only at discrete
instants. From the sampling theorem, discussed in Chapter 4, the original signal can be
reconstructed as accurately as desired from a corresponding sequence of samples if the
samples are taken frequently enough.

2.1.1 Basic Sequences and Sequence Operations

In the analysis of discrete-time signal-processing systems, sequences are manipulated
in several basic ways. The product and sum of two sequences x[n] and y[n] are defined
as the sample-by-sample product and sum, respectively. Multiplication of a sequence
x[n] by a number a is defined as multiplication of each sample value by a. A sequence
y[n] is said to be a delayed or shifted version of a sequence x[n] if

y[n] = x[n - no], (2.3)

where no is an integer.
In discussing the theory of discrete-time signals and systems, several basic se

quences are of particular importance. These sequences are shown in Figure 2.3 and are
discussed next.

The unit sample sequence (Figure 2.3a) is defined as the sequence

{O,8[n] = 1,
n i= 0,
n =0. (2.4)

As we will see, the unit sample sequence plays the same role for discrete-time signals and
systems that the unit impulse function (Dirac delta function) does for continuous-time
signals and systems. For convenience, the unit sample sequence is often referred to as a
discrete-time impulse or simply as an impulse. It is important to note that a discrete-time
impulse does not suffer from the mathematical complications of the continuous-time
impulse; its definition is simple and precise.

As we will see in the discussion of linear systems, one of the important aspects
of the impulse sequence is that an arbitrary sequence can be represented as a sum of
scaled, delayed impulses. For example, the sequence p[n] in Figure 2.4 can be expressed
as

p[n] = a_38[n + 3] + a18[n - 1] + a28[n - 2] + a78[n - 7]. (2.5)

More generally, any sequence can be expressed as

00

x[n] = ~ x[k]8[n - k].~
k=-oo

(2.6)

We will make specific use of Eg. (2.6) in discussing the representation of discrete-time
linear systems.

Tne unit sfep sequence (Figure 2.3b) is given by

n ::: O.

n < 0. (2.7)
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Discrete-Time Signals and Systems

Unit sample
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Unit step
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Real exponential

Chap. 2
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(c)

n

Sinusoidal

(d)

n
Figure 2.3 Some basic sequences.

The sequences shown play important

roles in the analysis and representation
of discrete-time signals and systems.

8

p[n]

n Figure 2.4 Example of a sequence to
be represented as a sum of scaled,

delayed impulses.

The unit step is related to the impulse by
n

lI[n] = :L o[k]:
k=-x

(2.8)

that is. the value of the unit step sequence at (time) index n is equal to the accumulated
sum ()f the value at index n and all previous values of the impulse sequence. An alterna
tive representation of the unit step in terms of the impulse is obtained by interpreting
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the unit step in Figure 2.3(b) in terms of a sum of delayed impulses as in Eq. (2.6). In
this case, the nonzero values are all unity, so

or

u[n] = 8[n] + 8[n -1] + 8[n - 2]+ ...

00

(2.9a)

(2.9b)urn] = L8[n - k].
k=O

Conversely, the impulse sequence can be expressed as the first backward difference of
the unit step sequence, i.e.,

8[n] = u[n] - u[n -1]. (2.10)

Exponential sequences are extremely important in representing and analyzing lin
ear time-invariant discrete-time systems. The general form of an exponential sequence
IS

(2.11)

(2.12)

If A and a are real numbers, then the sequence is real. If 0 < a < 1 and A is positive,
then the sequence values are positive and decrease with increasing n, as in Figure 2.3( c).
For -1 < a < 0, the sequence values alternate in sign, but again decrease in magnitude
with increasing n. If lal > 1, then the sequence grows in magnitude as n increases.

Example 2.1 Combining Basic Sequences

We often combine basic sequences to form simple representations of other sequences.
If we want an exponential sequence that is zero for n < 0, we can write this as the
somewhat cumbersome expression

x[n] = {Aan, n 2: 0,
\. 0, n < O.

A much simpler expression is x[n] = Aanu[nJ.

Sinusoidal sequences are also very important. A sinusoidal sequence has the gen
eralform

x[n] = Acos(won+¢), for all n, (2.13)

with A and ¢ real constants, and is illustrated in Figure 2.3( d).
The exponential sequence Aan with complex a has real and imaginary parts that

are exponentially weighted sinusoids. Specifically, if a = lalejWQ and A = IAleN, the
sequence Aan can be expressed in any of the following ways:

x[n] = Aan = IAleNlalnejwoll

(2.14 )

= IAIIain cos(won + ¢) + jlAllal" sin(won + ¢).
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The sequence oscillates with an exponentially growing envelope if Ja I > 1 or with an
exponentially decaying envelope if lal < 1. (As a simple example, consider the case
Wo = Jr.)

When lal = 1, the sequence is referred to as a complex exponential sequence and
has the form

x[nJ = IAlej(wonH) = IAI cos(won + 4»+ jIAlsin(won+4»; (2.15)

that is, the real and imaginary parts of ejwon vary sinusoidally with n. By analogy with the
continuous-time case, the quantity Wo is called the frequency of the complex sinusoid or
complex exponential, and 4> is called the phase. However, note that n is a dimensionless
integer. Thus, the dimension of Wo must be radians. If we wish to maintain a closer
analogy with the continuous-time case, we can specify the units of Wo to be radians per
sample and the units of n to be samples.

Thefactthatnis always anintegerinEq. (2.15) leads to some important differences
between the properties of discrete-time and continuous-time complex exponential se
quences and sinusoidal sequences. An important difference between continuous-time
and discrete-time complex sinusoids is seen when we consider a frequency (wo + 2Jr).
In this case,

x[nJ = Aej(wo+2Jr)n

= Aejwonej2Jrn = Aejwon.
(2.16)

(2.17)

More generally, we can easily see that complex exponential sequences with frequencies
(wo + 2Jrr), where r is an integer, are indistinguishable from one another. An identical
statement holds for sinusoidal sequences. Specifically, it is easily verified that

x[nJ = Acos[(wo+2Jrr)n+4>J

= A cos(won + 4».

The implications of this property for sequences obtained by sampling sinusoids and
other signals will be discussed in Chapter 4. For now, we simply conclude that, when
discussing complex exponential signals of the form x[ n] = Aejwon or real sinusoidal
signals of the form x[n] = Acos(won + 4», we need only consider frequencies in an
interval of length 2Jr, such as -Jr < Wo .:::Jr or 0 .:::Wo < 2Jr.

Another important difference between continuous-time and discrete-time com
plex exponentials and sinusoids concerns their periodicity. In the continuous-time case,
a sinusoidal signal and a complex exponential signal are both periodic, with the period
equal to 2Jr divided by the frequency. In the discrete-time case, a periodic sequence is
a sequence for which

x[nJ = x[n + NJ, for all n, (2.18)

where the period N is necessarily an integer. If this condition for periodicity is tested
for the discrete-time sinusoid, then

which requires that
A cos(won + 4» = A cos(won + (rJoN +4».

woN = 2;[ k,

(2.19)

(2.20)

\\'here k is an integer. A similar statement holds for the complex exponential sequence
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Cejwon; that is, periodicity with period N requires that

(2.21)

which is true only for waN = 2n k, as in Eq. (2.20). Consequently, complex exponential
and sinusoidal sequences are not necessarily periodic in n with period (2njwa) and,
depending on the value of Wa, may not be periodic at all.

Example 2.2 Periodic and Aperiodic Discrete-Time
Sinusoids

Consider the signal xl[n] = cos(rrn/4). This signal has a period of N = 8. To show
this, note that x[n + 8] = cos(rr(n + 8)/4) = cos(rrn/4 + 2rr) = cos(rrn/4) = x[n],
satisfying the definition of a discrete-time periodic signal. Contrary to our intuition
from continuous-time sinusoids, increasing the frequency of a discrete-time sinusoid'
does not necessarily decrease the period of the signal. Consider the discrete-tim~
sinusoid x2[n] = cos(3rrn/8), which has a higher frequency than Xl [n]. However, x2[n]
is not periodic with period 8, since x2[n +8] = cos(3rr(n + 8)/8) = cos(3rrn/8 +3rr) =
-x2[n]. Using an argument analogous to the one for Xl [n], we can show that x2[n] has
a period of N = 16. Thus, increasing the frequency from (,Va = 2rr/8 to (,Va = 3rr/8
also increases the period of the signal. This occurs because discrete-time signals are
defined only for integer indices n.

The integer restriction on n causes some sinusoidal signals not to be periodic
at all. For example, there is no integer N such that the signal x3[n] = cos(n) satisfies
the condition x3[n + N] = x3[n] for all n. These and other properties of discrete-time
sinusoids that run counter to their continuous-time cQunterparts are caused by the
limitation of the time index n to integers for discrete-time signals and systems.

When we combine the condition of Eq. (2.20) with our previous observation that
Wa and (wo + 2nr) are indistinguishable frequencies, it becomes clear that there are
N distinguishable frequencies for which the corresponding sequences are periodic with
period N. One set of frequencies is Wi: = 27T kj N, k = 0, 1, ... , N - 1. These properties
of complex exponential and sinusoidal sequences are basic to both the theory and the
design of computational algorithms for discrete-time Fourier analysis, and they will be
discussed in more detail in Chapters 8 and 9.

Related to the preceding discussion is the fact that the interpretation of high
and low frequencies is somewhat different for continuous-time and discrete-time sinu
soidal and complex exponential signals. For a continuous-time sinusoidal signal x(t) =
A cos( Qat +¢), as Q 0 increases, x(t) oscillates more and more rapidly. For the discrete
time sinusoidal signal x(nJ = A cos(won + ¢), as Wo increases from Wo = 0 toward
Wo = n, x(nJ oscillates more and more rapidly. However, as Wo increases from Wa = n
to Wo =2n, the oscillations become slower. This is illustrated in Figure 2.5. In fact, be
cause of the periodicity in Wo of sinusoidal and complex exponential sequences, Wa = 2n
is indistinguishable from Wo = 0, and, more generally, frequencies around Wo = 2n are
indistinguishable from frequencies around (Va = O. As a consequence, for sinusoidal
and complex exponential signals, values of Wa in the vicinity of Wa = 2rr k for any integer
value of k are typically referred to as low frequencies (relatively slow oscillations), while
values of Wa in the vicinity of (Ull = (n + 2rrk) for any integer value of k are typically
referred to as high frequencies (relatively rapid oscillations) .

._-----------------------_.~,.>::" ....'...
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2.2 DISCRETE-TIME SYSTEMS

0= 'TT

Figure 2.5 cos won for several
different values of woo As Wo increases
from zero toward n (parts a-d), the
sequence oscillates more rapidly. As Wo

increases from n to 2n (parts d-a), the
oscillations become slower.

A discrete-time system is defined mathematically as a transformation or operator that
maps an input sequence with values x[n] into an output sequence with values y[n]. This
can be denoted as

y[nJ = T{xln]} (2.22)
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~~ ~T_{'_}~~

Figure 2.6 Representation of a
discrete-time system, Le., a
transformation that maps an input
sequence x[n] into a unique output
sequence y[n].
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and is indicated pictorially in Figure 2.6. Equation (2.22) represents a rule or formula
for computing the output sequence values from the input sequence values. It should
be emphasized that the value of the output sequence at each value of the index n may
depend on x[n] for all values of n. The following examples illustrate some simple and
useful systems.

Example 2.3 The Ideal Delay System

where nd is a fixed positive integer called the delay of the system. In words, the ideal
delay system simply shifts the input sequence to the right by nd samples to form the
output. If, in Eq. (2.23), nd is a fixed negative integer, then the system would shift the
input to the left by Indl samples, corresponding to a time advance.

The ideal delay system is defined by the equation

y[n] = x[n - nd], -CXJ < n < CXJ, (2.23)

In Example 2.3, only one sample of the input sequence is involved in determining
a certain output sample. In the following example, this is not the case.

Example 2.4 Moving Average
The general moving-average system is defined by the equation

1 Mz

y[n] = -'-1 -+-M--+-1 L x[n - k]
1 2 k=-Mj

1
-----{x[n + Md + x[n + M] -1] + ... + x[n]
M] +M2+1

+ x[n - 1] + ... + x[n - M2]}.

I
I
I
I
I
I
I
I
I
In-5
I
I
I

I
I
I
I
I

Figure 2.7 Sequence values involved in computing a causal moving average.

(2.24)

x[k]

k

This system computes the nth sample of the output sequence as the average of (11,1 I +
k/2 + I) samples of the input sc:quence around the 11thsample. Figure 2.7 shows an
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input sequence plotted as a function of a dummy index k and the samples involved in
the computation ofthe output sample y[n] for n = 7, M1 = 0, and M2 = 5.The output
sample y[7] is equal to one-sixth of the sum of all the samples between the vertical
dotted lines. To compute y[8], both dotted lines would move one sample to the right.

Classes of systems are defined by placing constraints on the properties of the
transformation T {.}.Doing so often leads to very general mathematical representations,
as we will see. Of particular importance are the system constraints and properties,
discussed in Sections 2.2.1-2.2.5.

2.2.1 Memoryless Systems

A system is referred to as memoryless'if the output y[n] at every value of n depends
only on the input x[n] at the same value of n ..

Example 2.5 A Memoryless System

An example of a memoryless system is a system for which x[n] and y[n] are related by

The system in Example 2.3 is not memoryless unless nd = 0; in particular, this system
is referred to as having "memory" whether nd is positive (a time delay) or negative
(a time advance). The system in Example 2.4 is not memoryless unless Ml = M2 = O.

y[n] = (x[n]f, for each value of n. (2.25)

2.2.2 Linear Systems

The class of linear systems is defined by the principle of superposition. If Yl [n] and Y2[n]
are the responses of a system when xl[n] and x2[n] are the respective inputs, then the
system is linear if and only if

and
T{xIfn] + x2[n]} = T{x2[n]} + T{x2[n]} = Yl[n] + Y2[n]

T{ax[n]} = a T{x[n]} = ay[n].

(2.26a)

(2.26b)

where a is an arbitrary constant. The first property is called the additivity property, and
the second is called the homogeneity or scaling property. These two properties can be
combined into the principle of superposition, stated as

(2.27)

for arbitrary constants a and b. This equation can be generalized to the superposition
of many inputs. Specifically, if

x[n] = Lakxk[n],
k

(2.28a)

then the output of a linear system will be

y[n] ~ LakYdn]. (2.28b)
k

where yd n] is the system response to the input xt;[n].

By using the definition of the principle of superposition. we can easily show that
the systems of Examples 2.3 and 2.4 are linear systems. (See Problem 2.23.) An example
of a nonl!near system is the system in Example 2.:'.
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Example 2.6 The Accumulator System

The system defined by the input-output equation
n

y[n] = L x[k]
k=-oo

(2.29)

is called the accumulator system, since the output at time n is just the sum of the present
and all previous input samples. The accumulator system is a linear system. In order to
prove this, we must show that it satisfies the superposition principle for all inputs, not
just any specific set of inputs. We begin by defining two arbitrary inputs xl[n] and x2[n]

and their corresponding outputs
n

Yl[n] = L Xl [k],
k=-oo

n

Y2[n] = L x2[k].
k=-oo

(2.30)

(2.31)

When the input is x3[n] = aXl[n] + bX2[n], the superposition principle requires the
output Y3 [n] = aYl [n] + bY2 [n] for all possible choices of a and b. We can show this by
starting from Eq. (2.29): -

n

Y3[n] = L X3 [k] ,
k=-oo

n

= L (axl[k] + bX2[k]),
k=-oo

(2.32)

(2.33)

n n

= a L xdk] + b L x2[k],
k=-oo k=-oo

(2.34)

(2.35'

Thus, the accumulator system of Eq. (2.29) satisfies the superposition principle for a'
inputs and is therefore linear.

In general, it may be simpler to prove that a system is not linear (if it is not) thd'
to prove that it is linear (if it is). We simply must find an input or set of inputs for whic
the system does not satisfy the conditions of linearity.

Example 2.7 A Nonlinear System

Consider the system defined by

w[n] = loglO (lx[n]I). (2.3( .

This system is not linear. In order to prove this, we only need to find on
counterexample-that is. one set of inputs and outputs which demonstrates that the sy'
tern violates the superposition principle, Eg. (2.27). The inputs x, [II] = 1 and X::, (n] = 1\
are a counterexample. The output for the first signal is w, [II] = O. while for the seeon,
a'::,[n] = I. The scaling property of linear systems requires that. since X::, (II] = lOx, (r:
if the system is linear. it must be true that w::,(tz] = lChvdll]. Since this is not so fl,

Eq. (2.~'h! for this set ,If inputs ~llldoutpUIS. the ~\stcrn is Il,'! line:l!"



2.2.3 Time-Invariant Systems

A time-invariant system (often referred to equivalently as a shift-invariant system) is
a system for which a time shift or delay of the input sequence causes a corresponding
shift in the output sequence. Specifically, suppose that a system transforms the input
sequence with values x[n] into the output sequence with values y[n]. Then the system is
said to be time invariant if, for all no, the input sequence with values xl[n] = x[n - no]
produces the output sequence with values Yl[n] = y[n - no].

As in the case of linearity, proving that a system is time invariant requires a general
proof making no specific assumptions about the input signals. All of the systems in
Examples 2.3-2.7 are time invariant. The style of proof for time invariance is illustrated
in Examples 2.8 and 2.9.
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Example 2.8 The Accumulator as a Time-Invariant System

Consider the accumulator from Example 2.6. We define x1[n] = x[n - no]. To show
time invariance, we solve for both y[ n - no] and Y1[n] and compare them to see whether
they are equal. First,

n-no

y[n - no] = L x[k].
k=-oo

Next, we find
n

Y1[n] = L x1[k]
k=-oo

n

= L x[k-no].
k=-oo

Substituting the change of variables k1 = k - no into the summation gives
n-no

Yl[n] = L x[k1] = y[n - no].
kj=-oo

Thus, the accumulator is a time-invariant system.

The following example illustrates a system that is not time invariant.

Example 2.9 The Compressor System

The system defined by the relation

(2.37)

(2.38)

(2.39)

(2.40)

y[n] = x[Mn], -00 < n < 00, (2.41)

with M a positive integer, is called a compressor. Specifically, it discards (M - 1)
samples out of M; i.e., it creates the output sequence by selecting every Mth sample.
This system is not time invariant. We can show that it is not by considering the response
YI [n] to the input Xl [n] = x[n - no]. In order for the system to be time invariant. the
output of the system when the input is X, [n] must be equal to y[n - no]. The output
)'1 [II] that results from the input x, [n J can be directly computed from Eq. (2.-:11) to be

ydn] = x] [Mn] = x[Mn - no]. (2.42)
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, Delaying the output y[n] by no samples yields

y[n - no] = x[M(n - no)].

21

(2.43)

Comparing these two outputs, we see that y[n - no] is not equal to Yl[n] for all M and
no, and therefore, the system is not time invariant.

It is also possible to prove that a system is not time invariant by finding a single
counterexample that violates the time-invariance property. For instance, a counterex
ample for the compressor is the case when M = 2, x[n] = 8[n], and xl[n] = 8[n -1].
For this choice of inputs and M, y[n] = 8[n], but Yl[n] = 0; thus, it is clear that
Yl[n] =I- y[n -1] for this system.

2.2.4 Causality

A system is causal if, for every choice of no, the output sequence value at the index n = no

depends only on the input sequence values for n .::::no. This implies that if xl[n] = x2[n]

for n .:::: no, then ydn] = Y2[n] for n .::::no. That is, the system is nonanticipative. The
system of Example 2.3 is causal for nd 2: 0 and is noncausal for nd < O.The system of
Example 2.4 is causal if -M1 2: 0 and M2 2: 0; otherwise it is noncausal. The system of
Example 2.5 is causal, as is the accumulator of Example 2.6 and the nonlinear system
in Example 2.7. However, the system of Example 2.9 is noncausal if M > 1, since
y[l] = x[ M]. Another noncausal system is given in the following example.

Example 2.10 The Forward and Backward Difference
Systems

Consider the forward difference system defined by the relationship

y[n] = x[n + 1] - x[n]. (2.44)

This system is not causal, since the current value of the output depends on a future
value of the input. The violation of causality can be demonstrated by considering the
two inputs xl[n] = 8[n - 1] and x2[n] = 0 and their corresponding outputs ydn] =
8[n] - 8[n - 1] and Y2[n] = O.Note that xdll] = X2[1l] for 11 :s 0, so the definition of
causality requires that Yl [n] = Y2 [n] for 17 :s 0, which is clearly not the case for 11 = O.
Thus, by this counterexample, we have shown that the system is not causal.

The backward difference system, defined as

y[n] = x[n] - x[n - 1]. (2.45)

has an output that depends only on the present and past values of the input. Because
there is no way for the output at a specific time y[ no] to incorporate values of the input
for n > no, the system is causal.

2.2.5 Stability

A system is stable in the bounded-input. bounded-output (BlBO) sense if and only if
every bounded input sequence produces a bounded output sequence. The input x[n] is
bounded if there exists a fixed positive finite value Br such that

Ix[n]1 .::::B, < 00. for all t1. (2.46)
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Stability requires that, for every bounded input, there exist a fixed positive finite value
By such that

ly[n]1 ::::By < co, for all n. (2.47)

It is important to emphasize that the properties we have defined in this section are
properties of systems, not of the inputs to a system. That is, we may be able to find
inputs for which the properties hold, but the existence of the property for some inputs
does not mean that the system has the property. For the system to have the property, it
must hold for all inputs. For example, an unstable system may have some bounded inputs
for which the output is bounded, but for the system to have the property of stability, it
must be true that for all bounded inputs, the output is bounded. If we can find just one
input for which the system property does not hold, then we have shown that the system
does not have that property. The following example illustrates the testing of stability
for several of the systems that we have defined.

Example 2.11 Testing for Stability or Instability

The system of Example 2.5 is stable. To see this, a~sume that the inputx[n] is bounded
such that Ix [n] I ::s Bx for all n. Then ly[n]1 = Ix[n]12 ::s B;. Thus, we can choose
By = B; and prove that y[n] is bounded.

Likewise, we can see that the system defined in Example 2.7 is unstable, since
y[n] = 10glO(!x[n]l) = -00 for any values of the time index n at which x[n] = 0, even
though the output will be bounded for any input samples that are not equal to zero.

The accumulator, as defined in Example 2.6 by Eq. (2.29), is also not stable. For
example, consider the case when x[n] = urn], which is clearly bounded by Bx = 1.For
this input, the output of the accumulator is

n

y[n] = .L u[k]
k=-oo

{ O.= (n + 1),
n < 0,
n:o:: O.

(2.48)

(2.49)

There is no finite choice for By such that (n + 1) ::s By < 00 for all n; thus, the system
is unstable.

Using similar arguments, it can be shown that the systems in Examples 2.3, 2.4,
2.9 and 2.10 are all stable.

2.3 LINEAR TIME-INVARIANT SYSTEMS

A particularly important class of systems consists of those that are linear and time invari
ant. These two properties in combination lead to especially convenient representations
for such systems. Most important, this class of systems has significant signal-processing
applications. The class of linear systems is defined by the principle of superposition in
Eq. (2.27). If the linearity property is combined with the representation of a general
sequence as a linear combination of delayed impulses as in Eq. (2.6), it follows that a
linear system can be completely characterized by its impulse response. Specifically. let
hk[n] be the response of the system to b[n - kJ. an impulse occurring at n = k. Then,
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from Eq. (2.6),

y[n] ~ T Ltw X [k]o[n - k]}.

From the principle of superposition in Eq. (2.27), we can write

(2.50)

00 00

y[n] = L x[k]T{8[n - k]} = L x[k]hk[n].
k=-oo k=-oo

(2.51)

According to Eq. (2.51), the system response to any input can be expressed in terms of
the responses of the system to the sequences 8[n - k]. If only linearity is imposed, hk[n]

will depend on both nand k, in which case the computational usefulness of Eq. (2.51)
is limited. We obtain a more useful result if we impose the additional constraint of time
mvanance.

The property of time invariance implies that if h[n] is the response to 8[n], then
the response to 8[n - k] is h[n - k]. With this additional constraint, Eq. (2.51) becomes

00

y[n] = L x[k]h[n - k].
k=-oo

(2.52)

As a consequence ofEq. (2.52), a linear time-invariant system (which we will sometimes
abbreviate as LTI) is completely characterized by its impulse response h[n] in the sense
that, given h[n], it is possible to use Eq. (2.52) to compute the output y[n] due to any

input x[n].

Equation (2.52) is commonly called the convolution Slim. If y[n] is a sequence
whose values are related to the values of two sequences h[n] and x[n] as in Eq. (2.52),
we say that y[n] is the convolution of x[n] with h[n] and represent this by the notation

y[n] = x[n] * h[n]. (2.53)

The operation of discrete-time convolution takes two sequences x[n] and h[n] and
produces a third sequence y[n]. Equation (2.52) expresses each sample of the output
sequence in terms all of the samples of the input and impulse response sequences.

The derivation of Eq. (2.52) suggests the interpretation that the input sample
at n = k, represented as x[k]<5[n - k], is transformed by the system into an output
sequence x[k]h[n - k], for -00 <.: n < 00, and that, for ooch k, these sequences are
superimposed to form the overall output sequellce. This interpretation is illustrated
in Figure 2.8, which shows an impulse response, a simple input sequence having three
nonzero samples, the individual outputs due to each sample, and the composite output
due to all the samples in the input sequence. Specifically, x[n] can be decomposed as
the sum of the three sequences x[-2]8[n + 2], x[O]8[n], and x[3]8[n - 3] representing
the three nonzero values in the sequence x[n]. The sequences x[-2]h[n + 2], x[O]h[n],

and x[3]h[n - 3] are the system responses to x[ -2]8[n + 2], x[O]<5[n], and x[3]8[n - 3J,
respectively. The response to x [n] is then the sum of these three individual responses .

. Although the convolution-sum expression is analogous to the convolution integral
of continuous-time linear system theory, the convolution sum should not be thought of
as an approximation to the convolution integral. The convolution integral plays mainly a
theoretical role in continuous-time linear system theory: we will see that the convolution
sum, in addition to its theoretical importance. often serves as an explicit realization of ,j
discrete-time linear system. Thus. it is importam to gain some insight into the propertie~
of the convolution sum in actual calculations.
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Figure 2.8 Representation of the output of a linear time-invariant system as the
superposition of responses to individual samples of the input.
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The preceding interpretation of Eq. (2.52) emphasizes that the convolution sum
is a direct result of linearity and time invariance. However, a slightly different way of
looking at Eq. (2.52) leads to a particularly useful computational interpretation. When
viewed as a formula for computing a single value of the output sequence, Eq. (2.52)
dictates that y[n] (i.e., the nth value of the output) is obtained by multiplying the input
sequence (expressed as a function of k) by the sequence whose values are h[n - k],
-00 < k < 00,and then, for any fixed value of n, summing all the values of the products
x[k]h[n - k], with k a counting index in the summation process. Therefore, the operation
of convolving two sequences involves doing the computation for all values of n, thus
generating the complete output sequence y[n], -00 < n < 00.The key to carrying out
the computations ofEq. (2.52) to obtain y[n] is understanding how to form the sequence
h[n - k], -00 < k < 00,for all values of n that are of interest. To this end, it is useful to
note that

h[n - k] = h[-(k- n)].

The interpretation of Eq. (2.54) is best done with an example.

(2.54)

k

k

k

n+3

6

h[kJ

h[-k]=h[O-k]

n

3

(a)

(b)

o

(c)

o

o

n-6

-3

h[n-kJ=h[-(k-n)]

Example2.12 Computation of the Convolution Sum
Suppose h[k] is the sequence shown in Figure 2.9(a) and we wish to find h[n - k) =
h[-(k - n»). Define h1[k) to be h[-k], which is shown in Figure 2.9(b). Next, define

Figure 2.9 Forming the sequence h[n - k]. (a) The sequence h[k] as a function
of k. (b) The sequence h[ -k] as a function of k. (c) The sequence h[n - k] =
h[-(k - n}] as a function of k for n = 4.
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h2[k] to be h1[k], delayed, by n samples on the kaxis,i.e.,h2[k] = hdk-n]. Figure2.9(c)
shows the sequence that results from delaying the sequence in Figure 2.9(b) by n
samples. Using the relationship between hl[k] and h[k], we can show that h2[k] =
hdk - n] = h[ -(k - n)] = h[n - k], and thus, the bottom figure is the desired signal.
To summarize, to compute h[n - k] from h[k], we first reverse h[k] in time about k = 0
and then delay the time-reversed signal by n samples.

From Example 2.3, it should be clear that, in general, the sequence h[n - k],
-00 < k < 00,is obtained by

1. reflecting h[k] about the origin to obtain h[ -k];

2. shifting the origin of the reflected sequence to k = n.

To implement discrete-time convolution, the two sequences x[k] and h[n - k] are mul
tiplied together for -00 < k < 00, and the products are summed to compute the
output sample y[n]. To obtain another output sample, the origin of the ,sequence h[-k]
is shifted to the new sample position, and the process is repeated. This computational
procedure applies whether the computations are carried out numerically on sampled
data or analytically with sequences for which the sample values have simple formulas.
The following example illustrates discrete-time convolution for the latter case.

Example 2.13 Analytical Evaluation of the Convolution Sum

Consider a system with impulse response

h[n] = urn] - urn - N]

{I 0<n<N-1- 0: othe~se. '

The input is

Figure 2.10(b) illustrates the two sequences when 0 ::s nand n - N + 1 ::s O.These two
conditions can be combined into the single condition 0 ::s n ::s N - 1. By considering
Figure 2.1O(b), we see that, since

n < O.y[n] = 0,

To find the output at a particular index n, we must form the sums over all k of the

product x[kJh[n - k]. In this case, we can find formulas for y[n] for different sets of
values of n. For example, Figure 2.1O(a) shows the sequences x[k] and h[n - k], plotted
for n a negative integer. Clearly, all negative values of n give a similar picture; i.e., the
nonzero portions of the sequences x[k] and h[n - k] do not overlap, so

x[kJh[n - kJ = ak,

it follows that

II

y[nl = 2.::>k,
k=O

for lJ ::s n ::s N - 1. (2.55)
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Figure 2.10 Sequence involved in computing a discrete convolution. (a)-(c) The
sequences x[k] and h[n - k] as a function of k for different values of n. (Only
nonzero samples are shown.) (d) Corresponding output sequence as a function
of n.
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The limits on the sum are determined directly from Figure 2.10(b). Equation (2.55)
shows that y[nJ is the sum of il + 1 terms of a geometric series in which the ratio of
terms is a. This sum can be expressed in closed form using the general formula

(2.56)
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Applying this formula to Eq. (2.55), we obtain

1- an+1
y[n] = " ' O:::cn:::cN-l.-a

Chap. 2

(2.57)

but now the lower limit on the sum is n - N + 1, as seen in Figure 2.10(c). Thus,

Finally, Figure 2.10(c) shows the two sequences when 0 < n - N + 1 or N -1 < n. As
before,

x[k]h[n - k] = ak,

n

y[n] = :L ak,
k=n-N+l

Using Eq. (2.56), we obtain

n-N+l < k:::cn,

for N -1 < n. (2.58)

Thus, because of the piecewise-exponential nature of both the input and the unit
sample response, we have been able to obtain the following closed-form expression
for y[ n] as a function of the index n:

y[n] = an-N+1 - an+1

or

y[n] = an-N+1 (1- aN) .I-a (2.59)

y[n] =

0,

1- an+1

I-a

an_N+1(1-aN)1- a '

n < 0,

O:::c n:::c N -1,

N -1 < n.

(2.60)

This sequence is shown in Figure 2.10(d).

Example 2.13 illustrates how the convolution sum can be computed analytically
when the input and the impulse response are given by simple formulas. In such cases,
the sums may have a compact form that may be derived using the formula for the sum of
a geometric series or other "closed-form" formulas? When no simple form is available,
the convolution sum can still be evaluated numerically using the technique illustrated
in Example 2.13 whenever the sums are finite, which will be the case if either the input
sequence or the impulse response is of finite length, i.e., has a finite number of nonzero
samples.

2.4 PROPERTIES OF LINEAR TIME-INVARIANT SYSTEMS

Since all linear time-invariant systems are described by the convolution sum of
Eq. (2.52), the properties of this class of systems are defined by the properties of discrete
time convolution. Therefore, the impulse response is a complete characterization of the
properties of a specific linear time-invariant system.

:Such results are discussed. for example. in Grossman (19':12).
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Some general properties of the class of linear time-invariant systems can be found
by considering properties of the convolution operation. For example, the convolution
operation is commutative:

x[n] * h[n] = h[n] * x[n]. (2.61)

This can be shown by applying a substitution of variables to Eq. (2.52). Specifically, with
m=n-k,

-00 00

y[n] = L x[n - m]h[m] = L h[m]x[n - m] = h[n] * x[n], (2.62)
m=oo m=-oo

so the roles of x[n] and h[n] in the summation are interchanged. That is, the order of
the sequences in a convolution is unimportant, and hence, the system output is the
same if the roles of the input and impulse response are reversed. Accordingly, a linear
time-invariant system with input x[n] and impulse response h[n] will have the same
output as a linear time-invariant system with input h[n] and impulse response x[n]. The
convolution operation also distributes over addition; i.e.,

x[n] * (h1[n] + hz[n]) = x[n] * h1[n] + x[n] * hz[n].

This follows in a straightforward way from Eq. (2.52) and is a direct result of the linearity
and commutativity of convolution.

In a cascade connection of systems, the output of th~ first system is the input to
the second, the output of the second is the input to the third, etc. The output of the last
system is the overall output. Two linear time-invariant systems in cascade correspond
to a linear time-invariant system with an impulse response that is the convolution of
the impulse responses of the two systems. This is illustrated in Figure 2.11. In the upper
block diagram, the output of the first system will be h1[ n] if x[n] = 8[n]. Thus, the output
of the second system (and, by definition, the impulse response of the overall system)
will be

(2.63)

As a consequence of the commutative property of convolution, the impulse response
of a cascade combination of linear time-invariant systems is independent of the order
in which they are cascaded. This result issummarized in Figure 2.11, where the three
systems all have the same impulse response.

Figure 2.11 Three linear time-invariant
systems with identical impulse
responses.
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x[n]

(b)

y[n]
Figure 2.12 (a) Parallelcombination
of lineartime-invariantsystems. (b) An
equivalentsystem.

In a parallel connection, the systems have the same input, and their outputs are
summed to produce an overall output. It follows from the distributive property of convo
lution that the connection of two linear time-invariant systems in parallel is equivalent to
a single system whose impulse response is the sum of the individual impulse responses;
1.e.,

h[n] = h1[n] + h2[n]. (2.64)

This is depicted in Figure 2.12.
The constraints of linearity and time invariance define a class of systems with

very special properties. Stability and causality represent additional properties, and it is
often important to know whether a linear time-invariant system is stable and whether
it is causal. Recall from Section 2.2.5 that a stable system is a system for which every
bounded input produces a bounded output. Linear time-invariant systems are stable if
and only if the impulse response is absolutely summable, i.e., if

co

S = L Ih[k]1 < 00.
k=-co

This can be shown as follows. From Eq. (2.62),

(2.65)

co (Xl

ly[n]1 = Ik~CO h[k]x[n - k]! ::: k~CO IMk]llx[n - k]l·

If x[n] is bounded, so that

Ix[n]1 ::: Ex,

then substituting Ex for Ix[n - k]1 can only strengthen the inequality. Hence,
co

Iy[n]j ::: Ex L Ih[k]l·
k=-co

(2.66)

(2.67)

(2.68)

Thus, y[nJ is bounded if Eq. (2.65) holds; in other words, Eq. (2.65) is a sufficient
condition for stability. To show that it is also a necessary condition, we must show that if
S = 00, then a bounded input can be found that will cause an unbounded output. Such
an input is the sequence with values

{/ h~[-I/]

---. h[n] i O.
x[n]= Ih[--n]i

O. h[nJ = 0,



Sec.2.4 Properties of Linear Time-Invariant Systems 31

where h*[n] is the complex conjugate of h[n]. The sequence x[n] is clearly bounded by
unity. However, the value of the output at n = 0 is

y[O] = t x[-k]h[k] = f Ih[[k]]12= s.k=-00 k~oo Ih k I

(2.69)

Therefore, if S = 00, it is possible for a bounded input sequence to produce an un
bounded output sequence.

The class of causal systems was defined in Section 2.2.4 as those systems for which
the output y[no] depends only on the input samples x[n], for n ::: no. It follows from
Eq. (2.52) or Eq. (2.62) that this definition implies the condition

h[n] = 0, n < 0, (2.70)

for causality of linear time-invariant systems. (See Problem 2.62.) For this reason, it is .
sometimes convenient to refer to a sequence that is zero for n < 0 as a causal sequence,

meaning that it could be the impulse response of a causal system.
To illustrate how the properties of linear time-invariant systems are reflected in

the impulse response, let us consider again some of the systems defined in Examples 2.3
2.10. First note that only the systems of Examples 2.3, 2.4, 2.6, and 2.10 are linear and
time invariant. Although the impulse response of nonlinear or time-varying systems
can be found, it is generally of limited interest, since the convolution-sum formula and
Eqs. (2.65) and (2.70), expressing stability and causality, do not apply to such systems.

First, let us find the impulse responses ofthe systems in Examples 2.3, 2.4, 2.6, and
2.10. We can do this by simply computing the response of each system to 8[n], using the
defining relationship for the system. The resulting impulse responses are as follows:

Ideal Delay (Example 2.3)

h[n] = 8[n - nd],

Moving Average (Example 2.4)

nd a positive fixed integer. (2.71)

Accumulator (Example 2.6)
n

(2.72)

h[n] = L
k=-oo

_ {1,- 0,

8[k]

n?: 0,
n < 0,

(2.73)

= u[n].

Forward Difference (Example 2.10)

h[n] = 8[n + 1] - 8[n]. (2.74)
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Backward Difference (Example 2.10)

h[n] = 8[n] - 8[n -1].

Chap. 2

(2.75)

Given the impulse responses of these basic systems [Eqs. (2.71)-(2.75)], we can
test the stability of each one by computing the sum

00

s = I: Ih[n]l·
n=-oo

For the ideal delay, moving-average, forward difference, and backward difference ex
amples, it is clear that S < 00, since the impulse response has only a finite number of
nonzero samples. Such systems are called finite-duration impulse response (FIR) sys
tems. Clearly, FIR systems will always be stable, as long as each of the impulse response
values is finite in magnitude. The accumulator, however, is unstable because

00

S = I:u[n] = 00.
n=O

In Section 2.2.5, we also demonstrated the instability of the accumulator by giving an
example of a bounded input (the unit step) for which the output is unbounded.

The impulse response of the accumulator is infinite in duration. This is an example
of the class of systems referred to as infinite-duration impulse response (IIR) systems.
An example of an IIR system that is stable is a system whose impulse response is
h[n] = anu[n] with lal < 1. In this case,

00

(2.76)

If lal < 1, the formula for the sum of the terms of an infinite geometric series gives

1
S= -- <00.

1-lal
(2.77)

If, on the other hand, la I 2:: 1, the sum is infinite and the system is unstable.
To test causality of the linear time-invariant systems in Examples 2.3, 2.4, 2.6, and

2.10, we can check to see whether h[n] = 0 for n < O.As discussed in Section 2.2.4, the
ideal delay [nd ::: 0 in Eq. (2.23)] is causal. If nd < 0, the system is noncausal. For the
moving average, causality requires that - M1 ::: 0 and M2 ::: O. The accumulator and
backward difference systems are causal, and the forward difference system is noncausal.

The concept of convolution as an operation between two sequences leads to the
simplification of many problems involving systems. A particularly useful result can be
stated for the ideal delay system. Since the output of the delay system is y[ n] = x[n - nd],

and since the delay system has impulse response h[n] = 8[n - nd], it follows that

x[n] * 8[n - nd = 8[n - nd] * x[n] = x[n - nd]' (2.78)

That is, the convolution of a shifted impulse sequence with any signal x[ n] is easily
evaluated by simply shifting x[n] by the displacement of the impulse.

Since delay is a fundamental operation in the implementation of linear systems.
the preceding result is often useful in the analysis and simplification of interconnections
of linear time-invariant systems. As an example. consider the systerr. of Figure 2.13( a).
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(b)
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Figure 2.13 Equivalent systems found
by using the commutative property of
convolution.

(2.79)

which consists of a forward difference system cascaded with an ideal delay of one sample.
According to the commutative property of convolution, the order in which systems are
cascaded does not matter, as long as they are linear and time invariant. Therefore, we
obtain the same result when we compute the forward difference of a sequence and
delay the result (Figure 2.13a) as when we delay the sequence first and then compute
the forward difference (Figure 2.13b). Also, it follows from Eq. (2.63) that the overall
impulse response of each cascade system is the convolutjon of the individual impulse
responses. Consequently,

h[n] = (o[n + 1] - o[nJ) * o[n - 1]

= o[n -1] * (o[n + 1]- 8[nJ)

= o[n] - o[n - 1].

Thus, h[ n] is identical to the impulse response of the backward difference system; that
is, the cascaded systems of Figures 2.13(a) and 2.13(b) can be replaced by a backward
difference system, as shown in Figure 2.13(c).

Note that the noncausal forward difference systems in Figures 2.13(a) and (b)
have been converted to causal systems by cascading them with a delay. In general, any
noncausal FIR system can be made causal by cascading it with a sufficiently long delay.

Another example of cascaded systems introduces the concept of an inverse system.
Consider the cascade of systems in Figure 2.14. The impulse response of the cascade
system is

h[n] = u[n] * (o[n] - o[n -1])

=u[n]-u[n-l]

= 8[n].

(2.80)

That is, the cascade combination of an accumulator followed by a backward difference
(or vice versa) yields a system whose overall impulse response is the impulse. Thus, the
output of the cascade combination will always be equal to the input, since x[n] * t5[n] =
x[n]. In this case. the backward difference system compensates exactly for (or inverts)
the effect of the accumulator; that is. the backward difference system is the inverse



34 Discrete-Time Signals and Systems Chap. 2

x[n]

Accumulator

system I y[n]

Backward
difference

system x[n]

Figure 2.14 An accumulator in
cascade with a backward difference.
Since the backward difference is the

inverse system for the accumulator, the
cascade combination is equivalent to
the identity system.

system for the accumulator. From the commutative property of convolution, the accu
mulator is likewise the inverse system for the backward difference system. Note that
this example provides a system interpretation of Eqs. (2.8) and (2.10). In general, if
a linear time-invariant system has impulse response h[n), then its inverse system, if it
exists, has impulse response hi [n) defined by the relation

h[n) * hi[n) = hi[n) * h[n) = 8[n). (2.81)

Inverse systems are useful in many situations in which it is necessary to compensate
for the effects of a linear system. In general, it is difficult to solve Eq. (2.81) directly
for hi [n), given h[n). However, in Chapter 3 we will see that the z-transform provides a
straightforward method of finding an inverse system.

2.5 LINEAR CONSTANT-COEFFICIENT DIFFERENCE EQUATIONS

An important subclass of linear time-invariant systems consists of those systems for
which the input x[ n) and the output y[n) satisfy an Nth-order linear-constant-coefficient
difference equation of the form

N M

Laky[n - k) = Lbmx[n - m). (2.82)
k=O m=O

The properties discussed in Section 2.4 and some of the analysis techniques introduced
there can be used to find difference equation representations for some of the linear
time-invariant systems that we have defined.

Example 2.14 Difference Equation Representation of
the Accumulator

An example of the class of linear constant-coefficient difference equations is the ac
cumulator system defined by

To show that the input and output satisfy a difference equation of the form ofEq. (2.82),
note that we can write the output for n - 1 as

n

y[n] = L x[k].
k=-oo

n-l

y[n - 1] = L x[k].
k=-x

By separating the term X[Il] from the sum, we can rewrite Eq. (2.83) as

f)-I

y[rz] = x[n] + )' x[k].
I.:=-x

(2.83)

(2.84)

(2.85)
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Substituting Eq. (2.84) into Eq. (2.85) yields

y[n] = x[n] + y[n -1], (2.86)

from which the desired form of the difference equation can be obtained by grouping
all the input and output terms on separate sides of the equation:

Figure 2.15 Block diagram of a recursive difference equation representing an
accumulator.

(2.87)y[n] - y[n -1] = x[n).

Thus, we have shown that, in addition to satisfying the defining relationship of
Eq. (2.83), the input and output satisfy a linear constant-coefficient difference equation
of the form Eq. (2.82), with N = 1, ao = 1, al = -1, M = 0, and bo = 1.

The difference equation in the form of Eq. (2.86) gives us a better understanding
of how we could implement the accumulator system. According to Eq. (2.86), for each
value of n, we add the current input value x[n] to the previously accumulated sum
y[ n - 1]. This interpretation of the accumulator is represented in block diagram form
in Figure 2.15.

Equation (2.86) and the block diagram in Figure 2.15 are referred to as a recursive

representation of the system, since each value is computed using previously computed
values. This general notion will be explored in more detail later in the section.

Example 2.15 Difference Equation Representation of
the Moving-Average System

" Consider the moving-average system of Example 2.4, with M1 = 0 so that the system
is causal. In this case, from Eq. (2.72), the impulse response is

1
h[n] = / \ (u[n] - urn - M2 -I)), (2.88)

M2+1

., from which it follows that

1 Mz

y[n]=/H +1)I:x[n-k], (2.89)2 k=O

whichisaspecialcaseofEq. (2.82), with N = O,ao = 1, M = M2, and bk = Ij(M2+1)

for 0 S k S M2.

Also, the impulse response can be expressed as
, 1

h[ll] = I (8[n]- 8[1l - A12 - 1]) * u[n]. (2.90)
/1'/ c + 1)

which suggests that the causal moving-average system can be represented as the cas
cade system of Fi~t:r(: 2. If" \Vr' em ontain a difference cquat;on fell' this hlock Ji:lgr,,:11
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Attenuator
1

x[n] I (M2 + 1)

+

(M2 + 1)
sample
delay

(2.91)

(2.92)

Figure 2.16 Block diagram of the recursive form of a moving-average system.

by noting first that

1
xl[n] = r ,(x[n] - x[n - M2 -1]).

M2+1

From Eq. (2.87) of Example 2.14, the output of the accumulator satisfies the difference
equation

y[n] - y[n -1] = Xl [n],

so that

1
y[n] - y[n - 1] = r ,(x[n] - x[n - M2 -1]).

M2+1

Again, we have a difference equation in the form of Eq. (2.82), but this time N = 1,
ao = 1, al = -1, M = M2 and bo = -bMz+l = 1/(M2 + 1), and bk::;= 0 otherwise.

In Example 2.15, we showed two different difference equation representations
of the moving-average system. In Chapter 6 we will see that an unlimited number of
distinct difference equations can be used to represent a given linear time-invariant
input-output relation.

Just as in the case oflinear constant-coefficient differential equations for contin
uous-time systems, without additional constraints or information a linear constant
coefficient difference equation for discrete-time systems does not provide a unique
specification of the output for a given input. Specifically,suppose that, for a given input
xp[n}, we have determined by some means one output sequence Yp[n}, so that an equa
tion of the form of Eq. (2.82) is satisfied. Then the same equation with the same input
is satisfied by any output of the form

where Yh[n] is any solution to Eq. (2.82) with x[n] = 0, i.e., to the equation

N

:L akYh[n - k] = 0.
k=O

(2.93)

(2.94)

Equation (2.94) is referred to as the homogeneolls equation and Yh[n J the homogeneolls

solutioll. The sequence Yh[n] is in fact a member of a family of solutions of the form

N

vl,[111 - ~ AmZ~I.. , ~
nz=l

(2.95)
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Substituting Eq. (2.95) into Eq. (2.94) shows that the complex numbers Zm must be roots
of the polynomial

(2.96)

Equation (2.95) assumes that all N roots of the polynomial in Eq. (2.96) are distinct. The
form of terms associated with multiple roots is slightly different, but there are always
N undetermined coefficients. An example of the homogeneous solutidn with multiple
roots is considered in Problem 2.38.

Since Yh[n] has N undetermined coefficients, a set of N auxiliary conditions is
required for the unique specification of yEn] for a given x[n]. These auxiliary conditions
might consist of specifying fixed values of y[ n] at specific values of n, such as y[ -1],
y[ -2], ... , y[ - N], and then solving a set of Nlinear equations for the N undetermined
coefficients.

Alternatively, if the auxiliary conditions are a set of auxiliary values of y[ n], the
other values of yEn] can be generated by rewriting Eq. (2.82) as a recurrence formula,
i.e., in the form

N M

'" ak '" bk .yEn] = - ~ -yEn - k] + ~ -x[n - k].
k=l ao k=O ao .

(2.97)

If the input x[n], together with a set of auxiliary values, say, y[ -1], y[ -2], , y[ - N], is
specified, then y[O] can be determined from Eq. (2.97). With y[O], y[ -1], , y[ - N +1]
available, y[l] can then be calculated, and so on. When this procedure is used, yEn] is
said to be computed recursively; i.e., the output computation involves not only the input
sequence, but also previous values of the output sequence.

To generate values of yEn] for n < -N (again assuming that the values y[-l],

y[-2], ... , y[-N] are given as auxiliary conditions), we can rearrange Eq. (2.82) in the
form

N-l M

'" ak '" bkyEn - N] = - ~ -yEn - k] + ~ -x[n - k],
k=O aN k=O aN

(2.98)

from which y[ - N - 1], y[ - N - 2J, ... can be computed recursively. The following
example illustrates this recursive procedure.

Example 2.16 Recursive Computation of Difference
Equations

The difference equation satisfied by the input and output of a system is

y[n] = ay[n -1] + x[n]. (2.99)

Consider the input x[n] = K8[n], where K is an arbitrary number, and the auxiliary
condition y[ -1] = e. Beginning with this value, the output for n > -I can be computed
recursively as follows:

y[O) = ae + K,

yrl] = ay[O] + 0 = a(tle +- K; =..: a"e + ilK.
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y[2] = ay[1] + 0 = a(a2e + aK) = a3e + a2 K,

y[3] = ay[2] + 0 = a(a3e + a2 K) = a4e + a3 K,

Chap. 2

For this simple case, we can see that for n ::::0,

y[n] = an+le + an K, for n:::: O. (2.100)

To determine the output for n < 0, we express the difference equation in the form

or
y[n -1] = a-l(y[n] - x[n]),

y[n] = a-l(y[n + 1) - x[n + 1]).

(2.101a)

(2.101b)

Using the auxiliary condition y[ -1) = e, we can compute y[n] for n < -1 as follows:

y[-2) = a-l(y[-1] - x[-1]) = a-Ie,

y[-3) = a-I(y[-2] -x[-2]) = a-la-Ie = a-2e,

y[ -4) = a-I (y[ -3] - x[ -3]) = a-Ia-2e = a-3 e,

It then follows that

for n S -1. (2.102)

In sum, combining Eqs. (2.100) and (2.102), we obtain, as the result of the recursive
computation,

for all n. (2.103)

Several important points are illustrated by the solution of Example 2.16. First,
note that we implemented the system by recursively computing the output in both the
positive and the negative direction, beginning with n = -1. Clearly, this procedure is
noncausal. Also, note that when K = 0, the input is zero, but y[n] = an+1c. A linear
system requires that the output be zero for all time when the input is zero for all time.
(See Problem 2.21.) Consequently, this system is not linear. Furthermore, if the input
were shifted by no samples, i.e., xdn] = K8[n - no], the output would be

(2.104)

and the system is therefore not time invariant.
Our principal interest in this text is in systems that are linear and time invariant,

in which case the auxiliary conditions must be consistent with these additional require
ments. In Chapter 3, when we discuss the solution of difference equations using the
z-transform, we implicitly incorporate conditions of linearity and time invariance. As
we will see in that discussion, even with the additional constraints of linearity and time
invariance, the solution to the difference equation, and therefore the system, is not
uniquely specified.ln particular, there are. in generaL both causal and noncausal linear
time-invariant systems consistent with a given difference equation.

If a system is characterized by a linear constant-coefficient difference equation
anel is further specil'led to be linear. time invariant. and causaL the solution is unique.
In this case, the auxiliary conditions are often stated as ini{ial-res{ conditions. In other
words. th~ auxili,:JfYinformation is that if f"l~ input X[IIJ is zero for Il less than some time



Sec. 2.5 Linear Constant-Coefficient Difference Equations 39

no, then the output y[n] is constrained to be zero for n less than no. This then provides
sufficient initial conditions to obtain y[n] for n 2: no recursively using Eq. (2.97).

To summarize, for a system for which the input and output satisfy a linear constant
coefficient difference equation:

• The output for a given input is not uniquely specified. Auxiliary information or
conditions are required.

• If the auxiliary information is in the form of N sequential values of the output,
later values can be obtained by rearranging the difference equation as a recursive
relation running forward in n, and prior values can be obtained by rearranging
the difference equation as a recursive relation running backward in n.

• Linearity, time invariance, and causality of the system will depend on the auxiliary
conditions. If an additional condition is that the system is initially at rest, then the
system will be linear, time invariant, and causal.

With the preceding discussion in mind, let us now consider again Example 2.16,
but with initial-rest conditions. With x[n] = K8[n], y[-l] = 0, since x[n] = 0, n < O.
Consequently, from Eq. (2.103),

(2;~05)

(2.106)

If the input is instead K8[n - no], again with initial-rest conditions, then the recursive
solution is carried out using the initial condition y[n] = 0, n < no. Note that for no < 0,
initial rest implies that y[ -1] i= O. That is, initial rest does not always mean y[ -1] =
... = y[-N] = O. It does mean that y[no -1] = ... = y[no - N] = 0 if x[n] = 0 for
n < no. Note also that the impulse response for the example is h[n] = anu[n]; i.e., h[n]
is zero for n < 0, consistent with the causality imposed by the assumption of initial rest.

The preceding discussion assumed that N 2: 1 in Eq. (2.82). If, instead, N = 0,
no recursion is required to use the difference equation to compute the output, and
therefore, no auxiliary conditions are required. That is,

~ (bk)y[n] = L -;;-x[n - k].
k=O 0

Equation (2.106) is in the form of a convolution, and by setting x[n] = 8[n], we see that
the impulse response is

h[n] = t (~k) 8[n - k],k=O 0

or

h[n] = {(~~)0,

O:s n:S M,

otherwise.
(2.107)

The impulse response is obviously finite in duration. Indeed, the output of any FIR sys
tem can be computed nonrecursively using the difference equation ofEq. (2.106), where
the coefficients are the values of the impulse response sequence. The moving-average
system of Example 2.15 with M1 = 0 is an example of a causal FIR system. An interest
ing feature of that system was that we also found a recLlr:>iveequation for the output. In
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