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Propositional Logic - Syntax

Let V = {x , y , z, . . .} be a finite set whose elements we call
variables.

Definition (Formula - Syntax)
A formula over V is defined as follows:

Every element of V is a formula (atomic formula).

> and ⊥ are formulae
If ϕ is a formula, then ¬ϕ is also a formula
If ϕ1, . . . , ϕk are formulae, for k ≥ 2, then:

(ϕ1 ∧ . . . ∧ ϕk ) is a formula. We also write
∧

1≤i≤k

ϕi

(ϕ1 ∨ . . . ∨ ϕk ) is a formula. We also write
∨

1≤i≤k

ϕi

Abbreviations:
ϕ→ ψ is ¬ϕ ∨ ψ
ϕ↔ ψ is ϕ→ ψ ∧ ψ → ϕ
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Interpretation

What is the meaning of a formula ?

The meaning of atomic formulae depends on their
interpretation in the current world [1]
The meaning of more complex formulae depends on the
meaning of their components [1]

Definition (Interpretation)

A function I : V → {0,1}, assigning a truth value to each
variable in V is called an interpretation over V .

We also write I = {x ← 0} instead of I(x) = 0.
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Semantics of Propositional Logics

Definition (Truth value of a formula)
Let ϕ1, . . . , ϕk be k formulae and I be an interpretation over V ,
respectively. Also, let x ∈ V . Then:

I |= x iff I(x) = 1
I |= ¬ϕ1 if it is not the case that I |= ϕ1

I |= (ϕ1 ∧ . . . ∧ ϕk ) iff I |= ϕi , for all 1 ≤ i ≤ k
I |= (ϕ1 ∨ . . . ∨ ϕk ) iff I |= ϕi , for some 1 ≤ i ≤ k

Whenever I |= ϕ, we say that I satisfies ϕ or ϕ is true under I.

Definition (Satisfiability)
We say a formula ϕ is satisfiable iff there exists I such that
I |= ϕ

Definition (Validity)

We say a formula ϕ is valid iff for all I, I |= ϕ
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SAT - the first NP-complete problem

Notice that x ∧ (y ∨ z) is not equivalent to (x ∧ y) ∨ z.

Definition (Equivalence)
Two formulae ϕ and ψ over V are equivalent if, for all I over V
I |= ϕ ⇐⇒ I |= ψ

Definition (CNF form)
A formula over V , ϕ is in Conjunctive Normal Form iff:

ϕ = ϕ1 ∧ ϕ2 ∧ . . . ∧ ϕk and,
ϕi = (αi1 ∨ αi2 ∨ . . . ∨ αim) for all 1 ≤ i ≤ k and,
αij = x or αij = ¬x , with x ∈ V

Proposition
Every formula ϕ is equivalent to a formula in CNF form.
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SAT

Definition (SAT)
Let ϕ be a formula in CNF form. The problem of deciding
whether ϕ is satisfiable is called SAT.

Proposition (Cook)
SAT is NP-complete.

Proof.
- Blackboard -
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